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PREFACE. 



My object in printing this Work is to supply a want 
which I, as a Teacher, have experienced, of a School 
Book, which would explain the more difficult parts of 
Arithmetic in a manner sufficiently familiar for the 
comprehension of Youth, and yet sufficiently accurate 
and attentive to principles to be worthy of being 
considered an explanation. 

It is well known to teachers, that pupils, in going 
through all the operations of Fractions, are generally 
taught to perform the mechanical process which the 
Rule tells them will bring out the desired answer; 
but not a particle of demonstration is given by which 
that process is shown to be correct. Consequently, 
boys make the grossest mistakes whenever the smallest 
knowledge of the principles of Fractions is required ; 
and when any who have so learned arithmetic advance 
to algebra, they find all the operations required in the 
treatment of Fractions perfectly new to them : whereas 
I think that it will be found, that if young people of 
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both sexes are taught according to the rational method 
laid down in this book, such learners will not only 
obtain a portion of that mental training which is 
derived from mathematical study, but will, if they pursue 
that study, find the path thereto smoothed to a very 
considerable extent. 

In the arrangement of the various subjects, I 
have, upon the whole, followed the plan adopted in 
Thrower^s Examples, a work published for the 
use of King Edward the Sixth^s School, Birmingham, 
containing many thousands of examples, and which 
only needs to be known to be appreciated by every 
Schoolmaster. 

According to this plan. Fractions, Decimals, and 
Practice are placed before Proportion and its applica- 
tions ; and there is no doubt that Proportion cannot 
be understood till Fractions are thoroughly mastered. 
But as a learner is, by this arrangement, kept back 
from Proportion too long for the wants of many 
scholars who leave school early, I have therefore 
explained the principles of Proportion under the head 
of Fractions, and have thereby left but little to be 
explained in Rule of Three, as it is commonly called, 
but the mere mechanical process of working Examples: 
so that those Teachers who wish to teach this Rule 
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before Fractions will find ready for them^ under the 
head of Proportion, as much explanation as can be 
given to pupils unacquainted with Fractions. And 
afterwards, when the pupil goes through Fractions, he 
may comprehend the processes in Rule of Three, 
which he has hitherto performed in mere obedience to 
a Rule. 

In teaching boys under the age of fourteen, I 
recommend the commencement of Fractions and Rule 
of Three at the same time, so that before the pupil 
comes to the difficult subject of Ratio and Proportion, 
he may have acquired a mechanical dexterity in 
working questions in Rule of Three ; he will then the 
more readily receive the explanation of the subject 
which he will find in its proper place among Fractions. 

In converting Circulating Decimals into equivalent 
Vulgar Fractions, I have preferred using the algebraical 
method, rather than, by working a few Examples, 
deduce a Rule for this conversion ; for such a course 
would be only to teach pupils the common error of 
deducing the general rule fi*om the particular Example. 
Also, the Algebraical method is very simple and 
intelligible to one who clearly understands the nature 
of Decimal notation. And in this volume I have, in 
all cases where either of two modes of operation might 
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be used, preferred the one which was the same as that 
required under similar circumstances in algebra; so 
that a pupil may not have to learn two methods of 
performing the same process. 

In the Rule for Equation of Payments I have 
ventured to differ from the principle laid down by 
many standard writers on arithmetic, who contend 
that the common rule is not strictly correct, though 
sufficiently so for practical use. I have endeavoured 
to show that the view so taken is erroneous, and that 
the usual method is perfectly correct. 

I hope that the Rule for the Extraction of the Cube 
Root will be found more simple than any that have 
hitherto been given. I have found in my own 
experience as a teacher, that pupils have remembered 
this method very readily, especially in algebraical 
examples. 

The Appendix consists of a few detached articles 
which could not very conveniently have been intro- 
duced into the body of the work. 

I have no doubt that some readers, who may be well 
acquainted with the subjects here treated of, will say 
that this book is too diffuse in its explanation ; but I 
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think that this complaint will not come from those 
for whose use it is mainly designed^ viz. youth, and 
teachers of youth : nor from those who, later in life, 
may think it worth their while to try and learn the 
meaning of those rules and operations, which they 
never comprehended while at school. If such persons 
can, without any assistance, understand what is here 
contained, I shall feel well satisfied with the success 
of my attempt. 

Should this little book be well received, I shall 
publish another portion containing the Elementary 
Rules, upon the plan which has been here adopted, 
with this exception — that in addition to the explanation 
given of the elementary portions, I should always 
collect the substance of these explanations into a 
Rule ; as I think it is convenient for younger pupils 
to have some prescribed form which they may commit 
to memory : and it will then be left to the discretion 
of the teacher, whether he will be content to use the 
mere Rule, or instil the accompanying explanation. 

Since I have been anxious to keep this work within 
a moderate compass, I have confined it to the treat- 
ment of those branches which usually enter into School 
instruction ; and have therefore omitted all mention of 
the nature and use of logarithms, or the method of 
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fixing the units of weight and measure, &c. A third 
portion may, perhaps, be prepared, suited for advanced 
pupils, and containing all that can be given upon these 
subjects without entering upon algebra, including also 
a short treatise upon Mensuration. 

Each of the above portions would probably be equal 
to half the amoimt of the present work, and would be 
published separately; or the whole of the parts, if 
published, might be obtained in one volume. 

In a work like this, which, as far as I know, is new 
in its plan, an author can hardly be expected to have 
completely succeeded : but I trust that no serious errors 
will be foimd. If there be such, I shall be glad to have 
them pointed out, and shall be happy to correct them, 
if a second edition should ever be called for. 

4 F. C. 



CONTENTS. 



PAGE 

I. Measurks and Multiples 1 

Least Common Multiple 4 

Greatest Common Measure 5 

II. Fractions 1) 

Case I. To reduce a fraction to its lowest terms . . 14 
Case II. To reduce an improper fraction to a whole or 

mixed number 15 

Case III. To reduce a mixed number to an improper 

fraction 16 

Case IV. To reduce fractions to a common denominator 17 

Case V. Addition of fractions 19 

Case VI. Subtraction 21 

Cases VII. — IX. Multiplication .... 28 

Cases VIII.—X. Division 32 

Case XI. Examples of Simplification of Fractions . 34 
Case XU. Reduction of Fractions . . .36 

Ratio and Proportion . . . . . . . 40 

Case XIII. Reduction of Fractions . . .50 

Case XIV. Examples of Reduction and Simplification 54 

Miscellaneous Examples 57 

III. Decimal Fractions 01 

Cases I. — III. Conversion of Vulgar Fractions into 

Decimals 66 

Ca?e II. To convert terminating Decimals into Vulgar 

Fractions 72 

Case IV. To convert recurring Decimals into Vulgar 

Fractions 73 



X CONTENTS. 

Case v. Addition of Decimals ^ 

Case VI. Subtraction t 

Case VU. Multiplication 8 

Case VIII. Division 6 

Case IX. Reduction of Decimals 6 

Case X. Reduction of Decimals .... 8 

Miscellaneous Examples 8 

IV. Praotioe 9 

V. Applioatioms of Pbopobtion. 

Rule of Three 9 

Interest 10 

Discount 10 

Profit and Loss 11 

Partnership 11 

Stocks 11 

Equation of Payments 12 

Compound Proportion 12- 

Exchange 12' 

VI. Area and Volume. 

Duodecimals 13*. 

VII. Extraction of Roots. 14' 

Square Root 141 

Cube Root 15( 

Appendix. 

Fractional Quotient 16 J 

Composite Divisor 16S 

Circulating Decimals 16£ 

Ratio 164 

Proportion ... 163 



THE FOLLOWING SIGNS MUST BE VERY WELL KNOWN 
BEFORE THIS BOOK IS READ. 



•\- plus, placed between two numbers, shows that they are to be added 
together. 

— minus, between two numbers, shows that the latter number is to be 
subtracted from the former. 

X into, or multiplied by, between two numbers, shows that the two are to 
be multiplied together. 

-7- by, or divided by, between two numbers, shows that the former is to be 
divided by the latter. 

=: equal to, between two quantities, shows that the quantities on each side 
of it are equal. 

,'. stands for therefore. 
•.• because, or since. 

> greater than, placed between two quantities, shows that the former is 
greater than the latter. 

< less than, placed between two quantities, shows that the former is less 
than the latter. 



Note, — The figures enclosed in parentheses, as (8) in p. 4, line 19, refer 
to previous articles in the work. 



ARITHMETIC. 



Before commencing the consideration of Fractions, it 
will be necessary to explain certain properties of numbers, 
which enter very much into the treatment of fractions. 



MEASUKES AND MULTIPLES. 

1. Of two numbers, the larger is said to be a multiple 
of the smaller, when the larger can be divided exactly, u e, 
without remamder,by the smaller; and the smaUer number 
is said to be a measure of the larger. Thus, since 12 can 
be divided exactly by 4, 12 is callefd a multiple of 4, and 
4 a measure of 12. So, 16 is a multiple of 8, and 8 a 
measure of 16. 

2. Also, one number is said to be a common multiple of 
two or more numbers, when it can be divided exactly by 
the two or more numbers. Thus, 24 is a common multiple 
of 6, 4, and 2, because it can be divided exactly by those 
numbers ; and 12 is the least common multiple of 6, 4, 
and 2, because it is the least number that can be divided 
exactly by those three divisors. 

3. A number is said to be a common measure of 2 or 
more numbers when it will exactly divide the\n.\i«^\ ^2£v^ 



3i MEASURES AND MULTIPLES. 

the greatest number which will so divilie them is ci 
their greatest common measure. Thus, 2, 4, 6, 8, 12 
common measures of 24 and 36 ; and 12 is their grei 
common measure. 

We shall for the future write g. c. m. for greatest c 
mon measure, and l. c. m. for least common multiple. 

4. A number is called a prime number when it cai 
be divided exactly by any number greater than 1. T 
3, 5, 7, are prime numbers, because they have no dii 
greater than 1 ; we also call such numbers primes, 

5. Two or more numbers are said to be prime to 
another, when they cannot all be divided exactly by 
number greater than 1. Thus 7, 8, 9, are prime to c 
other: but such numbers are not necessarily themse 
prime numbers ; for 8 can be divided by 2 and 4 ; as 
can be divided by 3 ; but 8 and 9 have no divisor comi 
to both. 

6. All numbers not prime are called composite ; beca 
they are composed of 2 or more prime numbers multipi 
together. Thus, 6 is a composite number, being fori 
by the multiplication of the prime numbers 2 and 3. 

7. The prime numbers which, when multiplied togetl 
form a composite number, are called factors of t 
number. Thus, 2, 2, 2, 3, are factors of 24, beca 
2 X 2 X 2 X 3 = 24. So the factors of 36 are 2, 2, 3 
for 2 X 2 X 3 X 3 = 36. 

8. To break up a composite number into its prime facte 
divide it by the smallest prime which will divide it with< 
remainder; and continue dividing by prime divisors ui 
the last quotient is 1. The number wiU be found equal 
the product of all the divisors — ^that is, all the divisors i 
its factors. 
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Ex. To break up 120 into prime factors : 
2)120 



2) 


60 


2) 


30 


3) 


15 


5) 


• 

5 




1 



.'. 2, 2, 2, 3, 5, are its prime factors, 
or, 2x2x2x3x5 = 120. 



When, therefore, I say — break any number, as 120, into 
its factors, I mean, exhibit it in the above form. This form 
is called an equation : thus, 7 x 5 = 35 is an equation ; 
and 7 X 5 is called the left-hand side, and 35 the right- 
hand side, of the equation. 

Obs. If any one number be divisible by a second, we 
must have all the factors ot the second number among the 
factors of the first : thus, if 36 be divisible by 12, all the 
factors of 12 will be among the factors of 36, or 36 must 
contain all the factors of 12. 

9. Also, if I wish to divide 35 by 5, (since 35 is the 
same as 7x5,) I may divide 7x5 by 5; and since I 
know that the quotient is 7, 1 can now observe that that 
quotient is found by taking away the divisor 5 out of the 
product 7x5: so also in the equation 7x3x5= 105, 
to divide the 105 by 5, take away the 5 out of the factors 
on the left-hand side, and there remains 7 x 3, or 21, as 
quotient ; to divide by 7, take away 7, and 3 x 5, or 15, is 
quotient ; or, we can divide by the product of 2 factors at 
once : thus, to divide by 15, take away 3x5, and the quotient 
is 7. This is a very quick method of dividing a composite 
number by any one or more of its factors, especially if the 
number be large. 

Thus, •.• 2520 = 2x2x2x7x3x3x5; 
or = 8x7x9x6-, 
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therefore, if I wish to divide 2520 by any measure of it, as 
24, 1 take away 24, or 2 x 2 x 2 x 3, from its factors, and the 
product of the remaining factors, 7x3x5= 105, gives the 
quotient. To divide 2520 by 63, 1 remove 7x9, and the 
quotient = 8x5 = 40. 



LEAST COMMON MULTIPLE. 

10. It is required to find the l. c. m. of 2, 3, 5, 6, 9, 10, 
12, 18, 20. 

Now, of these numbers, 2, 3, 6, and 9 are divisors, or 
measures, of 18; every number, therefore, which is a 
multiple of 18, will also be a multiple of 2, 3, 6, 9. So 
likewise, every multiple of 20 will be a multiple of 5 and 
10; .*. every multiple of 18 and of 20 will be a multiple of 
2, 3, 6, 9, 5, and 10. If, then, I find the l. c. m. of 12, 18, 
and 20, that multiple will be the l. c. m. of 2, 3, 5, 6, 9, 10, 
12, 18, 20. Now, 12x18x20, or 4320 gives a multiple 
of 12, 18, and 20, since this product is plainly divisible by 
12, 18, and 20 ; but this is not the least c. m. 

11. Break the numbers 12, 18, 20, into their piime 
factors, as in (8), and place a comma between each set of 
factors, thus : 

12, 18, 20, 

2x2x3, 2x3x3, 2x2x5. 

Now, by (8), in order that the l. c. m. may contain 12, it 
must contain all the factors of 12 ; .*. it must contain 2, 2, 3, 

so, to contain 18, 2>3, 3, 

and to contain 20, 2,2,5; 

t. e. in the required l. c. m. I want two 2*s, two 3*s, and 
one 5 ; but in the product of 12 x 18 x 20, or of 
2x 2x 3x 2x3x 3x2x2x5, I have five 2*s, and 
thr6e 3's; .•. I have three 2's and one 3 which I do 
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not require ; and, omitting these, the remaining factors, 
multiplied together, give 2x2x3x3 x5= 180: 
where it is plain that this row of factors contains all that 
is necessary for 12, 18, and 20, and no more; and there- 
fore the product of these factors is the least number 
divisible by 12, 18, and 20, or is their l. c. m. 

12. The whole work should be written out as follows, 
where the mark ( ~ ) is placed over every number which is 
afterwards to be omitted : — 



2, 3, 5, 6, 9, 10, 12, 18, 20. 

2X2X3, 2x3x3, 2x2x5, 

L. CM. = 2x2x3x8x5= 180. 

Ex. JI. To find the l. c. m. of 7, 16, 32, 21, 56, 42, 

T, 16, 32, 2r, 56, 42, 

2x2x2x2x2, 2x2x2x7, 2x3x7. 
L. CM. =2x2x2X2x2x3x7, 
or =32x21 = 672. 

In this example I first reject 7 and 21, because 42 contains them ; next 
I reject 16, because 32 contains it; then, out of all the rest, I preserve 
five 2's, and reject the others : I pre^rve one 7, which is required for 
56 and 42, and one 3, for 42. In preserving the five 2's, it is better to 
keep them all together, rather than have some in one set of factors, and 
some in another. 



GREATEST COMMON MEASURE. 

13. We have seen in (3) that the o. c. m. of two or 
more numbers is the largest divisor which can exactly be 
contained in those numbers. 

Where the numbers are not large, this g. c. m. may be 
found by breaking them into their prime factot^ \ ^icA M 
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any factors are contamed in all the numbers, the product 
of these will be the g. c. m. 

Thus, to find o. c. m. of 36, 27, 144 ; breaking up into 
factors, we have — 

36, 27, 144, 

2x2x3x3, 3x3x3, 2x2x2x2x3x3. 

Here it is plain that in these sets of factors two 3's, and 
no other number, are common to all ; i. e. 3 xS, or 9, is 
common to all the numbers 36, 27, 144, — and is therefore 
their g. c. m. 

14. But where the numbers are large, and they cannot 
be easily broken into factors, the following rule is to be 
used : — 

Take two of the proposed numbers, and divide the 
greater by the less : if there be a remainder, make that 
remainder a new divisor, and take the former divisor as 
a new dividend, and continue this process until there be no 
remainder : tlie last divisor will be the g, c. u. 

If there be a third number, go through the same work 
with this third number, and the g. c. m. of the other two ; 
then, as before, the last divisor will be the g. c. m. And the 
same process must be continued if there be 4, 5, &c., or 
any amount of numbers, of which we have to find the 
G. c. m. 

We will try this rule upon the three numbers taken above, viz. 36, 27, 
and 144. 

27) 36 (1 9) 144 (16 

27 9 

9) 27(3 54 

27 64 



.*. 9 is G. c. M. of 27 and 36 -, and 9 is g. c. m. of 27, 36, and 144, a» 
was shown above. 
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Ex. II. Find g. c. m. of 324, 456, 728. 

324)456(1 • 12)728(60 

324 720 

132) 324 (2 8) 12 (1 

264 _8 

60) 132 (2 "S) 8 (2 

120 £ 

12)60 (5 ~" 

60 

.-. 12 is the G. c. M. of 324, 456 ; and 4 is the g. c. m. of 324, 456, 728. 

15. If the last divisor be 1, we then learn that the 
numbers have no common divisor greater than 1 ; t. e, they 
are prime to each other. 

Obs. Even when the divisors are less than 12, it is 
better to divide by long, rather than short division, because 
the remainders are thereby placed in the most convenient 
situation for continuing the process. This rule for finding 
the 6. CM. cannot be explained without the use of 
algebra. 

16. When we have to find the l. c. m. or g. c. m. of any 
numbers which are not large, we may often, after a little 
experience, zee the answer, without going through the 
work. 

Thus, if it were required to find l. c. m. of 3, 4, 6, and 8, 
a pupil would soon learn that 24 was the required number. 
The easiest method of performing this operation, without 
writing, is to multiply in one's head the largest of the 
numbers given, by 2, 3, 4, and so on, until a number be 
found which wiU contain all the other numbers. So, in 
3, 4, 6, and 8, if I try 2 x 8 = 16, it will not hold the 6 ; 
but 3 X 8 = 24 will hold the 6 as well as the 3 and 4, and 
therefore is the required l. c. m. 



8 
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17. Again, to find g. c. m. of 4, S, 12 : it is easy U 
that no number greater than 4 can go in 4, 8, and IS 
that 4 is their o. c. m. 

When we can thus see the answer without working 
are said to find the l. c. m. or g. c. m. by inspection. 



Obs.— THE FOLLOWING ABBREVIATIONS WILL SOMETIMES 

BE USED. 



Den' . 


. for 


Denominator. 


Num' 


>9 


Numerator. 


Fr° . . . 


f> 


Fraction. 


Mult" 


>» 


Multiplication 


Add"* . 


• ft 


Addition. 


Sub" 


»» 


Subtraction. 


Div" 


• » 


Division. 


Quot* 


>f 


Quotient. 


Rem' . 


• >» 


Remainder. 


Diff' ... 


»» 


Difference. 


Comp^ . 


• ft 


Compound. 


Redd 


*t 


Reduced. 


Com. . 


ft 


Common. 


Quan^ 


tf 


Quantity. 


Imp' 


tt 


Improper. 


Frac^ 


it 


Fractional. 


Ex. . . . 


tt 


Example. * 
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FRACTIONS. 

* 

18. Def. By the tenn Umii, we are to understand a 
single article of any kind, as 1 inch, 1 yard, 1 penny, 

1 onnce, &c. 

Def. Unity is merelj another name for the figure 1. 

19. A Fraction is a part of a nnmber, or qaantity, 
supposed to be broken into any number of eqnal portions. 
If, then, the unit be divided into 4, 5, or 6 equal parts, one 
of these parts will be called one-fourth, one-fifth, or one- 
sixth, and is thus written — f, -J-, -g-- So also, if any ttpo of 
these parts be taken, the quantities thus taken will be 
called ^iro-fourths, two-GMm, and ^o-sixths, and be written 

2 2 3 

T, T, ^* 

20. The number below the line, which shows into how 
many parts the unit was broken, is called the denominator, 
because it expresses the denomination, or kind of parts, as 
fourths, fifths, sixths. The upper number, which enume- 
rates, or counts, how many parts are taken, is called the 
numerator. Thus, in the firaction -f-^ 5 is the denominator, 

2 the numerator. 

Ob 8. Such a firaction as I have been describing is called 
a Vulgar Fraction, We shall afterwards find that Vulgar 
firactions of a particular class can be expressed in another 
form, and are then called Decimal Fractions, or more 
commonly Decimals. 

21. Again, any firaction, as -§-, may represent other 
quoQtities, besides being two-fifths of one, as we have just 
explained. 

Fio. 1. 
I I I I I 1 inch. 

: ; : ; i 3 inches. 
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For if we divide the quantity 1, as 1 inch, into 5 equal 
parts (see Fig. 1), and also divide the quantity 2 into 5 
equal parts, then one of the latter parts will be twice as 
great as one of the former ; or two of the former and one 
of the latter have the same value. Now, the former or 
smaller is one-fifth of 1 ; and the latter or larger is one- 
fifth of 2; and, since two of the former = one of the 
latter, therefore two-fifths of 1 = one-fifth of 2, or |- of 1 = -J- 
of 2; and both these quantities are expressed by the fr° ■§-• 
Similarly, -f means star-sevenths of one, or on«-seventh of 
9ix ; |-sh. means three-fourths of 1 shilling, or one-fourth of 
3 shillings, each of which will, on trial, be found 9d. 

22. From what has been said, it will be seen that the 
den' of a fraction shows into how many parts the unit is 
divided ; since, then, -f is proved to mean one-seventh of 
6, t. e. it = six divided by 7 ; we hence see that a number 
placed as a den**, underneath any other number as a 
num', shows that this den' is to be taken as a divisor of 
the num' ; thus, V* implies that 15 is to be divided by 7 : 
but as long as I do not work out the div'^, that division is 
said only to be expressed. Thus again, in the fraction ^ , 
we understand that 23 is to he divided by 7. 

We shall hereafter see more clearly than now, that if 
23 is divided by 7, the fraction V ^^Y ^^ called the 
quotient, 

23. A fraction is called a proper fraction when the num' 
is less than the den' ; thus -g-, t^ ^^^ called proper fractions, 
because they really represent a part or parts of an unit, and 
are less than the whole unit. 

24. A fraction whose num' is equal to, or is greater 
than the denom', is called an improper fraction: Thus, 
3", \f , are called improper fractions, because they are not in 
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resMty parts of a unit broken up — i. e, are not less than the 
whole unit — ^but they are either one complete unit, or more 
than one. 

25. Any whole number may be made to appear as an 
improper fraction by making 1 its denom' : thus, 5 = -f , 
10 = V, &c. 

26. A mixed number is one formed of a whole number 
and a fraction, as Sf , which is read three and two-fifths — 
t. e, three units, and two-fifths of another unit ; just as 
ds. 7d. means 3 shillings and ^ of aaother shilling, and 
might be written Sf^sh., where the unit is one shilling. 

27. A fraction consisting of two or more fractions, con- 
nected by the word of placed between them, is called a 
compound fraction ; as •§- of -f of -§- : and a complex fraction 
is one in which either the num' or den', or both, are 
fractions; as 

2i 3 1+ f oflf « 

T' n' W "tT' 

This last fraction is thus read : eight-ninths of one- 
and-two-thirds, divided by seven-and-one-fifth. 

28. To multiply a fraction by any whole number, we 
multiply the num' and retain the same den'. 

Thus, if it be required to multiply -^ by 4, — just as 
4 times 5 pence = 20 pence, so 4 times 5'twelfths = 20- 

twelfths, or ~ ; .-. — x 4 = _,which=:— ^ — ; t. e. 

to multiply a fraction by a whole number, the num' is 
multiplied by the number, and the den' is not altered. 

29. Again, to multiply a fraction by auy whole number, 
if possible, divide the den' by this multiplier, aud leave 
the num' unaltered. By this method we should have 

12 ^ Ism ~ 3* 
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To prove this let any unit be divided — 1st, into 3 equal 
parts^ and 2ndl7, into 12 equal parts (see Fig. 2) ; then 

1 Fio. 2. 



I I I I I I I • I I I I 

each of the larger parts is called ^, and each of the smaller 
-jlj-. Now, one of the thirds is four times as large as one of the 
twelfths, therefore 5 of such thirds are 4 times as large as 

6 of the twelfths ; i, e. — = 4t times t^ = 4 x — ; or,in 

O 1'^ i<v 

the former shape, — x 4 = — , which = ; i. e, the 

den' has been divided, and the num' left unaltered. 

30. To divide a fraction by any whole number, divide the 
num', if possible, and keep the same den^ 

Thus, if it be required to divide -J-t by 4, just as 12 pence 
divided by 4 would give a quot' 3 pence, so 12 thirteenths 
divided by 4, would give a quot'^ 3 thirteenths; or 

12 3 12-^4 

— r- 4 = — which = : — : i. e, the num' is divided by 

13 13 13 ' ^ 
the given divisor, and the den' unaltered. 

But, if we cannot divide the num' of the fr" by the 

whole number, then we must multiply the den' by this 

3 3 3 

divisor. By this method — -f- 4 would = = -— . 

^ 5 5 X 4 20 

To prove this, observe in the fractions 3- and -^jp, that in 

the first fr" the unit is divided into 5 equal parts, (see 

Fig. 3,) and therefore each = 3-; and, in the second, the same 

unit is divided into 20 equal parts, and therefore each = -^^: 

i Fro. 3. 

■ I i i i 

^ 

**i iiiiiiiiiiiiiiiiiii 
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now it is plain, from Fig. 3, that one-fifth, when divided by 4, 
becomes owc-twentieth; so three-hf!(hs divided by 4 become 

^Aree-twentieths ; i. e, - -^ 4 = —-, which = -—^ — - ; hence 

we multiply the den*" by the given divisor, and leave the 
num' unaltered. 

Obs. Since it rarely happens that we can divide any 
num' or den' by any chance number, we therefore, in 
multiplying a fr**, have, as a general rule, to multiply the 
num*"; and in dividing a fr**, to multiply the den'. 

31. We have now shown that to multiply a fr*^ by a 
whole number, we multiply the nutnT, and to divide a fr^ we 
multiply the denT ; therefore if we multiply both num' and 
den' by the same quan^, we shall have both multiplied and 
divided the fr'* by the same number ; but since to multiply 
a quany by any number, and then to divide by the same, 
leaves the original quany unaltered, therefore to multiply 
both num' and den' of a fr" wiU not alter its value : 

Thus, ^ = ?-ili=l^; 
'5 5x4 20 ' 

and by observing Fig. 3, we shall see that since 3 of the 
large divisions, or fifths ^ = 12 of the small divisions, or 
twentieths y we have by inspection the same result, 

VIZ. -5- = -yTT* 

32. Since, then, any fr", as - = — ^ = -_ , we may 

7 7x0 ^o ^ 

change the sides of this equation, and say = — which we 

35 7, 

30 -I- 5 
know = — — \ — -^ ; /. e, the num' and den' of any fr"^ may 
35 -7- o 

be divided by the same quany, and the fr" will be unaltered 

in value. 
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CASE I. 

TO REDUCE A FRACTION TO ITS LOWEST TERMS. 

33. We have shown that both num' and den' of a fir" 
can be divided by the same number without altering the 
value of the fir°; and if the num' and den' cannot be 
exactly divided by any whole number, the fir° is said to be 
in its lowest terms, because it is expressed in the lowest 
possible numbers. 

Thus, ^, |- are fr°» in their lowest terms, because 3 and 4 
in the first fir°, and 5 and 6 in the second fir°, have no com. 
divisor, or c. m. 

But ^ is not in its lowest terms, for both num' and 
den' can be divided by 4 ; and the fi^ will then be •§-. So 
also, in fir° yt> ^ ^^ ^' ^« ^* ^^ num' and den' ; and the fir" in 
its lowest terms = -5-. 

It is plain, therefore, that if any fir^^ be not in its lowest 
terms, and we wish so to reduce it, both num' and den' 
must be divided by the greatest possible divisor, i. e, by 
their g. c. m. 

In working a sum under this case we should express 
the operation thus : 

15_ 15~-5 _.3 
26 25 — 5 5 

but when, in future cases, it is necessary to use this opera- 
tion, it may be thus briefly written — * ^ -J-l- = ^, where the 
small 6 is placed before the fi^ ^, to show what divisor has 
been used to reduce the fi*°. 

34. When the num' and den' of a fi*° are both small 
numbers, the e. c. m. may be often found by inspection, or 
sometimes some com. measure may be found, though not 
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the greatest ; and, by dividing by it, the fi^ may partly be 
reduced ; and then a common measure of the £r° so reduced 
may be found, and a second division performed, till we 
reduce the fi* if not to the lowest, at any rate to lower 
terms. 

Thus, * ^-^^ = ^ ^^ = 7- is now reduced to lowest terms. 

It is worth notice that every number ending in 5 or 0, 
must have 5 for a divisor, and every even number can 
be divided by 2. 

But if mere inspection will not tell us the g. c. m. of 
num^ aad den^ it must be found by the method ahready 
given ( 14) for finding the g. c. m. of two given numbers. 



CASE II. 

TO BEDUCE AN IMPBOPEB FRACTION TO A WHOLE OR 

MIXED NUMBER. 

35. Ex. To reduce 3- to a whole or mixed number. We 
have before shown (22) that this fc^ expresses that 17 is to 
be divided by 5 : now, if the 17 were exactly divisible by 5, 
the quotient would be a whole number ; but if not, as in 
this case, then since 15 is the largest multiple of 5 below 
17, we cau divide the 15 by 5, and the quotient is 3 ; but 
the division of the remaming 2 by the 5 cannot be per- 
formed : it must therefore be understood, by placing the 
divisor 5 underneath the 2 as a den', and thus |- may be 
said to be the quot^ of 2 when divided by 5 : the whole 
quotient will, therefore, be 3 and-f-; and the operation may 
be thus written — 

17 15+2 15,2 ^ , 2 
5 =-5-=:5+5-^ + 5- 

or, as it is generally written, = 3i. 
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Also, since 5-fiilbs=l, therefore 15-fifllis = 3, and 17- 
fifths must = 3 and two-fifths, or 3h as just shown. 

36. In writing the whole operation as fully as has been 
done above, it is necessary to find what is the rem' after 
the num' has been divided by the den'. It must then be 
placed as the 2 has been placed in the above Ex., and the 
15 is of course found by subtracting this rem' from the 
whole num'. Where the num' and den' are small, this 
rem' may be found without working any div*^ sum on the 
paper ; but if the numbers are large, a div** sum must be 
worked before the above operation can be shown. 

327 
Thus: Ex.2. Reduce-— to a whole or mixed number. 

19) 327 (17^^^ 
19 

137 Here the rem' being 4, the largest multiple of 19 below 

^33 327 is 323, which contains 19, 17 times, 

19 
thereforewehave^=^+i = ?^+>- = 17A; 

or, briefly written, ^ = 17,^. 



CASE III. 

TO BEDUCE A MIXED NUMBEB TO AN IMPBOPEB FBACTIOK. 

37. Ex. To reduce 3f to an improper fi*. That we may 
explain this operation properly^ we must observe^ that in 
order to express two or more numbers in one simi, these 
must all be of one kind or denomination ; thus^ in a simple 
addition sum, we add units to units, tens to tens, &c. ; and 
in a compound addition sum we add together like quantities, 
as pounds to pounds, shillings to shillings, &c. 
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If, therefore, I have to express in one sum 3 units and 2 
fifths, these two quantities must be reduced to the same 
kind. Now, I cannot reduce the fifths to a whole number, 
because two-fifths are less than unity ; I must, therefore, 
reduce the 3 units to fifths, i, e. I must express 3 as a fr° 
with a den' 5. 

Thus, 3=5 = i2li=li 
1 1x5 5 

adding then the Id-fifths to the two-fifths, I have the sum 
17 fifths, or 3- • 
The whole operation may be thus expressed : 

3„ - 3.2_ 3x5 2_15.2_17 
^ - l"^5 1 x6'^6'' 6'^6 6' 

38. It will be seen that this case is exactly the reverse 
of Case II. ; and we may observe, that the num' of the 
improper fir", viz. 17, is obtained by multiplying the whole 
number 3 by the den' 5, and adding the former num' 2 : 
thus, in working the above Ex. I should say 3 times 5 are 
15 and 2 are 17. 

When, then, we have in ftiture cases to reduce a mixed 
no., 3f , to an improper fi^, we should merely write 3f = -5- , 
where all the intermediate work can be performed mentally, 
when the numbers are not large. We could thus write 
9 1^2 = tV> because 12 times 9 are 108 and 7 are 115. 



CASE IV. 

TO BEDUCE FRACTIONS TO A COMMON DENOMINATOR. 

39. It has been shown (37) that numbers, whether whole 
or fractional, cannot be added together without being 
reduced to the same denom° or kind. 
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We must, therefore, show how to reduce fractions to a 
common den'' ; and then they will be of the same denomi- 
nation. 

^357 9 

^''- 4' 6' 8' lO* 

Now, in order that the fractions, when reduced, may 
still consist of as small numbers as possible, we shall 
always find their least common denom^ 

Also, since we can alter the form of fractions only by 
multiplying or dividing both num' and den', we must 
therefore multiply these present den", each one by some 
number, so that they all shall be changed into the new 
den' ; that is, the new den' must be divisible by all these 
den", and therefore must be their l. c. m. 

Working according to ( 12) we find the l. c. m. of 4, 6, 8, 
10, to be 120. We now choose such multipliers as shall 
make 4, 6, 8, 10, become 120 : these will be 30, 20, 15, 12. 

Now, we know (31) that if we multiply the den' of a 
fr° by any number, we must also multiply the num' by the 
same number, or else the fr" will be altered in value. We 
therefore work thus : 



3 _ 3 X 30 _ 

4 4x30 


90 
120 


5 _ 5 X 20 _ 

6 6 X 20 


100 
120 


7 _ 7 X 15 __ 

8 8x 15 


105 
120 


9 _9 xl2_ 

10 10x12 


108 
120 



, ,, ^ ,. ^ ,^ . 90, 100, 105, 108, 
and these fractions may be thus wntten, t^q 

showing at once that they have the same den'. 
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40. In working sums of this kind, we should have to 
write down the process of finding the l. c. m. of all the 
den", unless we could see it by inspection, which cannot be 
often done, when the numbers are large. 

If it can be done, we must then merely write as the first 
line of the work l. c. m. = 120, or any number that it may 
chance to be. 



CASE V. 

TO ADD TOGETHER ANY NUMBER OF FRACTIONS- 

41. These may be all proper fractions, or some of them 
may be proper, some improper, and some mixed numbers. 

We have already seen that in order to add fractions 

together, we must reduce them to a com. den'. Now, this 

has been done under Case IV. ; and therefore we have only 

to conclude the operation in the last Ex. by performing the 

operation of adding the fractions so prepared. Now, we 

observe that whatever number of quantities of any kind are 

to be added together, the kind or denomination is not 

thereby changed : thus, 7 months added to 6 months would 

be 12 months; so, ^-twelfths -J- ^-twelfths = 1 -twelfths. 

which, expressed in figures, gives -^j + tt = 7ir> hence it 

is plain that we have only to add the num" together, and 

retain the same den' ; therefore, so doing in the last Ex., 

we have 

sum of thefr- = ^+100+105 + 108 ^403 

120 120 

= 3/Aby(35). 

If the proper fr° -j^^-had not been in its lowest terms, it 

must have been reduced to that state before the sum could 

be called complete. 
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42. If some of the fir"" to be added together be mixed 
numbers^ we most first add the firao^ parts precisely as 
above ; and to this sum then add the amount of the whole 
numbers. Thus, if the Ex. which we have just worked had 
been as follows, 3i-f|-+^+ 1^ A (where the insertion 
of the whole numbers 3, 6, and 15, is the only alteration), 
we should then have, as before, 

sum of the fractional parts = 3i^ ; 

therefore, adding in the whole numbers, we have the whole 

sum = 3 + 6+15+3AS = 27/A. 
We win now work a second example completely. 

Find the sum of 6* + li + ^ + 4i +'^. 

3, 4; 7, 6, 8, 

7, 2x3, 2x2x2, 

L.C.M. = 7x3x8 = 21 x8=168. 

2_2x56_112 



3 3x56 


168 


3_3X42_ 
4 4x42 


.126 
168 


4_4X24_ 
7 7X24 


.96 
168 


5_5x28_ 


.140 


6 6x28 


168 


7_7x21_ 


.147 



8 8x21 168 

the«fore,sumof fra^l parts = 112+126+96+140+147 

168 

621 

= ~= S\i i = 3JI [in lowest terms,] 

and whole sum = 5 + 1 + 4 + 3|f = 13||. 
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Obs. If there be any improper fractions in the proposed 
example^ they should be reduced to mixed numbers before 
we begin to reduce to l. c. d. 



CASE VI. 

SUBTRACTION. 

43. The examples in this Case will be of different kinds. 
1st When there are two fi*", both proper, as -j^ — -J-, i. 
2nd. When there are two fr°*, one or both of which are 

mixed numbers, as 7i— 3^, ii. ; 8f — 2f, iii. ; 8— 2f, iv. 

If there be any examples containing improper fr°*, such 
examples may either be worked as i. ; or, by reducing the 
improper fi** to mixed numbers, we bring them under 
II., III., or IV. 

The difference between ii., iii., and iv. consists in this, 
that 

in II. the former fraci part |- is > the latter -f ; (A) 
in III. „ „ ,. ^is < „ f ; 

in IV. „ „ „ is 0, and .•. < y. 

44. Under the head of Subtraction will also come 
examples in which there are more than two fractions ; and 
wherein we have to find the difference between the sum of 
one set of fractions, and the sum of another set, as in the 
following 

Ex. 5*+4i-^+3|— 7f; 

the signs -{- and — in this Ex. show that I am to take both 
-J- and 7f , that is, the sum of -J- and 7f , from the sum of 
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Def. If any numbers^ either whole or fracVare joined 
together by one or more of the signs •^^^^, —, 8co., the whole 
set of numbers thus connected is often termed an 
expression. 

45. Just as it has been shown that fractions cannot be 

added together until they are reduced to a c. d.^ so it will 

appear that one fr° cannot be subtracted from another till 

the two fr^* are reduced to a c. d. Thus, if I had to take 

3 pence from 1 shilling, I must bring the Is. to pence, 

and then take 3d from 12d, obtaining a rem' 9d. 

3 1 
Taking, then, Ex. i. yx— t' ^® ^^^ ^^' ^^ inspection, 

that L. c. D. = 20 ; 

therefore 3 = ^ = «; i = ^lii|= «; 
10 10 X 2 20 4 4x5 20 

and i-l=J.-A=^zi = J.. (B) 
10 4 20 20 20 20 ^ ' 

When the l. c. d. is not large, say under 150, a pupil 
will, with a little experience, soon be able at once to write 
down the line (B), without working the two previous 
operations on paper. 

46. In Exs. II., III., IV. we must employ the same 
process that we use in Comp^ Sub°. Take as patterns the 
three following : 



A 


B 


c 


Si d. 
18 9 
15 3 


8. d. 

18 2 
15 5 


s. d. 
18 
15 5 


3 6 


2 9 


2 7 



Now, in these Exs. it will be seen, that where the 
number of pence in the upper line exceeds that in the 
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lower line^ as in (a), we can at once subtract the dd. from 
the 9d.» and the 15s. from the 18s., giving a complete rem^ 
3s. 6d. So in Ex ii., 7i— 3^, since t > •§-, therefore I can 
take the •§- frt)m the ^f cuid the 3 from the 7. 

3 2 

The diflference of the frac^ parts = —= (when reduced 

4 5 
15-8 7 

to L. c. D.) 20 ~ 20 ' *^^ ^^^ ^^ ^® whole numbers 

= 7—3 = 4; therefore difference of complete fractions 
= (7-3) + (|~f) = 4+^, 

= 4A. 
47. But in (b) and (c) the number of pence in the 

lower line is larger than in the upper, and in both cases I 

must borrow Is. or 12d. from the 18s. in the upper line, 

and add this 12d. to the pence in the upper line, if there 

be any; and when I have sub^ the 5d.from the 14d. in (b), 

leaving rem' 9d., and from 12d. in (c), leaving rem' 7d., I 

subtract 15s. from 17s., (not 18s., because I have just 

borrowed Is. from the 18s.) and in both cases I have a 

rem' 2s.; therefore, the whole rem' in (b) is 2s. 9d., and 

in (c) is 2s. 7d. 

I now apply this process toExs. iii. and iv., viz. 8f — 2f, 

III.; and 8— 2f, iv. As, then, in the Comp^ Sub** I 

borrowed Is. from the higher den** 18s., and added it to 

the pence in the upper row, if there were any, so I borrow 

1 from the 8, and add it to the former fi^, if there be any ; 

thus in III. I add the 1 to the ■§■, and then subtracting f , 

I say — 

2 3 7 3 49-15 34 



1 



5 7 5 7 35 35' 



then, taking the 8 as 7, 1 have 7—2 = 5; therefore, showing 
the whole work at one view, I have 

8f-2f = (7-2) + (H-f ) = 5 + fi = 5M- 
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I place the parentheses in this last line to show that the 
(7—2) gives 5, and that (If— y) gives y-J- ; but they need 
not be used in working Exs. 

48. In Ex. IV., 8— 2f, I borrow 1 from the 8, but as I 
have no former fr° to which I may add this 1, as in Ex. iii., 
therefore subtracting the 2nd fr° -f- from ihe I, I have 

< 7 5 7 ^ 2 

1—- = (whenred^toL.c.D.) --—---= __._=; (C) 
7 7 7 7 7 

and taking 7 from 8, as before, I have 7—2 = 5; therefore, 
writing the whole as one process 

8-2f=(7-2)+(l-f)=5+|- = 5f. 

49. In the line ( C ) I may observe, that when the number 1 
is expressed as afr°, its num' is made the same as the den' 
of the fr° which I have to subtract : thus, 7 is the new num', 
and is also the den' of the original fr'* ; whether, therefore, 

1 subtract the smaller num' from the new num' or from the 
smaller fr** of the den', I obtain the same result, viz. a rem' 

2 ; and I might say at once 1 — f = |-, where the 2 has been 
found by subtracting the num' 5 from its own den' 7. 
Working thus, I should have written the whole Ex. as 
follows : 

8-2f=(7-2) + (l-f)=5f, 

only that in common use I should not write the two 
parentheses. 

50. It was said in line ( A) ^ > -5- ; a beginner cannot see 
this at once ; but he may do so very readily — thus : we 
already know that no two quantities can be compared, to 
see which is the larger, unless they be of the same kind ; 
so, two fr"» cannot be compared unless reduced to a c. d. 
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Any c. D. will, however, do for the purpose of merely telling 
whioh of the two fr^^ is the larger ; now the product of the 
two den" is always one c. d., but not always the least ; 
therefore, since 35 is a c. d. of 7- and 3-, 

2 a _ 2 x5 — 7x3 _, 10-21 , ,^. 

7 5 7x5 35 ' ^ ^ 

21 10 3 2 

and since 21 > 10, therefore — > — ; and - > - . 

35 35 5 7 

Now this result may be very rapidly obtained without 
any work on paper; for if we observe line (C), we notice 
that the numbers 10 and 21, which numbers alone I wish 
to compare, are found by multipl3dng the num^ of the 1st 
fr" by the den' of the 2nd, and the den' of the 1st by the 
num' of the 2nd. Thus, beginning with the num'^ of the 
1st, I say, mentally, 2 x 5 = 10 : and again, 3x7 = 21; 
therefore, since the second product is greater than the first, 
so also the second fi^ is greater than the first. 

Taking one or two more Exs. of this process — 

3 2 

1. To compare - and - : I say, 3 x 9 = 27; 7 x 2 = 14; 

therefore the former fi:^ is the larger. 

2. To compare |and ^: Isay,3xl2 = 36;8x7 = 56; 

o 12 

therefore the latter fi*" is the larger. 

It will be noticed that the c. d. to which we have just 
now mentally reduced -g- and -py is 96 ; but when we come 
to the actual suh^, we shall not use this c. d., but the 
L. c. D. 24. 

51. Lastly: when there are more than 2 fractions, as in 

Ex.V. 5i+4^ -4. + 3g-7?. 



26 FRACTIONS. 

Here^ omitting for the present the whole numbers^ I have 
to subtract -5- and j- from the sum of |-+t+t • siiice the 
two fr>^ to be subtracted are together less than the three 
from which I have to subtract them, no difficulty will occur, 
and I proceed as in an Ex. in Addition, taking care to 
arrange the fr^ to be subtracted last : 

2 , 3 , 5__l _ 3. 
9 8 6 2 7' 

9, 8, 6, 2, 7. 

3x3, 2x2x2, 2X3, 7. 
L. C. D. =9x8x7=72x7=504. 

1= 1^=^ See Art. (9). 

9 9x56 504 

£_ 3x63 _ 189 
8 8x63 504 

-£= _5X84__420 

6 6x84 504 

1 __ 1 X252 _ 252 

2 2x252 504 

3_ 3x72 __ 216 

7 7 X72 504 

. 2_^3 j^5_l 3 _ 112+189+420-252 — 216 
9"^8 6 2 7 504 

_, 721 — 468 _ 253 
504 504 

therefore, bringing in the whole numbers with their proper signs, 

the whole expression =5+4+3-7+ ^ = 12-7+ ^ 

504 504 

= 5H|. 
52. We will take one more example of this kind. 

Ex.VL 3i-41+7f-f. 

Now here -J- +- ■§- are > t+t ; but since this cannot be seen 
by mere inspection, I proceed as in Ex. V., as though I did 
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not know this, and proTide for the difficulty at the proper 
time. Placing the fr» to be subtracted last, I hare 

j4 , 2 ^3 

5 "^ 7 2 4 

5, 7, ^ 4, 

L. CD. = 5x7x4= 140. 

4 _ 4X28 _ 112 

5 5x28 140 

2_ 2x20 __ 40 
7 7 x2u 140 

1 _ 1 X70 __ 70 

2 2x70 140 

3_3x35_ 105 
4 4x35 140 

therefon. 1 +^ _ J_ _ 3^112+40^70-105 
5 7 2 4 140 

= i^2-n5^ 

140 ^^ 

Since, then, 175 > 152, it now appears that I ought to 
have borrowed 1 ; but rather than begin the work again, I 
proceed thus : from the -rt4 ^ ^^^ {^) ^ take as much of 
the T-J^ ^ ^ ^^'^> ^2. YT^, and there will remain tiV> 
which cannot be subtracted ; but if I now borrow 1 , 1 can 
subtract this -pj^ from the 1, and remember to count the 
first (+) whole number in Ex. VI. (t. e, the 3) as one less 
than it now stands. The whole operation may be thus 
written, beginning from the line before (D) : 

4 ,2 _2 _?.=: i>2-f40 — 70 — 105 

5 7 2 4"" 140 

_ 152-175/ 152— 152 — 23\ 



/ 152-1 
\ " 14( 



140 \ 140 

-23 



— ( 0-23 \ 
\ 140 / 



140 



therefore borrowing the 1, I - —. =}^ - _^ = ? '^ 

140 140 140 140 
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and writing 2 for 3 in Ex. VI., and inserting the whole numbers with 
their proper signs, 

the whole expression =2 + 7—4+41^ = 9—4+ '^^ 



140 ' J40 

The fractions inclosed in parentheses may in practice be omitted. 



CASES VIL-IX. 



MULTIPLICATION. 

53. We shall show, as we proceed, that the above Cases 
are identical, L e. that the word of and the sign x placed 
between fr"% have the same meaning: thus, I have to 
prove that 

5 2 5 2 

1- of ~- of 3f and — X — X 3f have the same value. (E) 
7 3 7 3 

The pupil must here clearly call to mind the method of 

multiplying and dividing fractions by whole numbers. 

5 2 

I will first begin with a pair of fractions, as .-. x — . 

It has been proved that -f- means one-third of 2 ; there- 
fore I have now to multiply y by one-third of 2 : hence the 
product ought to be one-third of the product found by 
multiplying by 2 alone : L e. if I multiply by 2, and then 
take one-third of that product, I shall obtain the correct 
result. 

Multiplying ^by 2, 1 have ix 2 = t^ ; 

and since to take one-third of any quantity is to divide it 
by 3, 1 divide this last fi** by 3, and have 

5 ^ 2_5 X 2 . «_5 x2 fj^. 
7^3--7^^^-7-^r3- (^^ 
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Commencing now with the expression y of |- : we know 
that -f means 5 times one-seventh ; therefore, if I have to 
take five-sevenths of any quantity, I first take ow^-seventh 
of it, and then multiply the quot* obtained by 5 : i. e, to 
take 7" of |-, I must divide the |- by 7, and multiply it by 
5 : hence, according to our rules of mult** and div** of fractions 
by whole numbers, I multiply the den' of the •§■ by 7, and 
the num' by 5, and have 

7 3 7x3 ^ ' 

Comparing (F) and (G), I now perceive that 

5-252 
-of- = _ X — . 
7 3 7 3 

54. The following explanation may, perhaps, be intelligible to some 
pupils : 

In multiplying a quantity, whether whole or fractional, by a whole 
number, I repeat that quantity as many times as there are units in the 
multiplier : 

Thus, 7 X 5, or 7 times 5, means that I am to repeat the 5 as many 
times as there are units in 7 ; 

So, 7 X t shows that I am to repeat §, as often as there are units in 7 ; 

Also, 1 X t shows that I am to repeat f as often as there are units in 1, 
t. e. 1 time, or once : 

Therefore, | X § ought to mean, that I am to repeat f as often as there 
are units in |. 

Now, } does not contain 1 unit, — ^it only contains | of 1 unit; therefore, 
} X $ is S repeated | of once, i, e. it =: § of once §, or § of § ; and this is 
the required result, as in last article. 

^6, From what has been shown in (53), we may see that 

5 2 5X2 10 
smce 



and 



therefore - x - =— x - : 
7 3 3 7 



7 3 7x3 


"21' 


2 5 _ 2 X 5 _ 
3^7 3x7" 


10 
= 2l' 
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and since the sign ( x ) and the word of between fi™ have 
been shown to have the same meaning, we see that 

^of^=2^f^. 
7 3 3 7 

b^. Proceeding with the expression (E) in (53), and 
changing 3i into an imp' fr^, we have 

5 y 2 18 

and since — -— is one fr", and — another fr", I may use 

7x3 5 

the method of multiplying, which has been shown to be 
tnie, for two fractions ; 

therefore - of ^of 3? = ^ ^ ^ ^ ^- : (H) 
7 3 7x3x5 ^ ' 

and if the expression in (E) had consisted of four fip°* 
connected by o/ or ( x ), the first three might have been 
reduced to one fr", as in (G), and we should then have 
had but two fr°*, which we have just shown how to reduce 
to one. Therefore the results proved in lines (E) (F) (G) 
are true, whatever number of fir*^ may be contained in any 
compound fraction. 

57. To return to (H). It has been proved that if a 
num' and den' have any common measure, both of them 
may be divided by this common measure ; therefore if in 
the right-hand side of equation (H), we find any factors 
common to both num' and den', these should be struck out 
before we complete the multiplication. 

We see in this case that there is a factor 5 in the num' 
and den'; also, that 18 in the num' and 3 in the den' have 
a common divisor 3 : dividing by these common factors, 

1 6 

the expression stands thus ..^ v \ • 
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The remaining factors in the num' are 2, 1,6; and in 

2x6 12 
den' are 1, 7, 1 ; these form a fraction — - — = -— = if. 

' 7 7 

This process of striking out factors from num' and den' is 

called cancelling, and is to be continued as long as any 

factors can be found common to both num' and den'. 

When the numbers are large, this cancelling cannot be 

readily performed except by those who have had some 

experience. 

Obs. a factor 1 left in a num' or den' will not alter the 

value of the other factors which remain, when we multiply 

all those in the uum', and all those in the den', and hence 

the figures 1 need not be written, as in the above Ex. ; but 

it must be noticed that if no other factors remain, the value 

of the num' or den' will consist of the product of as many 

figures 1 as there were factors in the num' or den' before 

cancelling ; i. e. it will be = 1. If, therefore, all the factors 

in any num' or den' have been cancelled, the num' or 

den' of the fi*** afler cancelling will be 1. 



Ex. IL 8| X 35 X -. • ■ ^ ^"T ^ TiiT' 

4 

= 7x7xl7 _833 .,. 

4 4 ^ ^ 

= 208i. 
Here 42 and 24 had a c. M. 6, and 5 and 35 had a c. m. 5. 

833 

The (r^ in line ( I ) will be in its lowest terms, if all the factors 

4 

common to num' and deni" were cancelled at the proper time. 

Ex.ni. Z.of7Jof-lofi = ^-x|x|^X?. 

3 
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Here there are no factors to be seen in the num''; but we must 
remember that in reality there have been 4 divisions of the numT by the 
factors 7, 15, 4, and 2; and therefore 4 quot**, which in this case are each 
= 1 ; therefore the real num' = 1 Xl Xl Xl, or 1 ; so the quotte in the 
denJ* are 2, 1, 1, 1, and their product = 2 ; therefore the reduced fractioB 
2 has 1 as num' and 2 as den', i. e. it is ^. 



CASES VIII.-X. 



DIVISION. 

58. Case X. is the same as Case VIII. in principle — it 
merely uses a different method of expressing the process 
of Division, and includes some examples requiring both. 
Multiplication and Division. 

11_ 

Thus: f^^|-d|. 

9 

have the same meaning, both being read -j-^- divided by -g-. 

We have now to inquire how to perform this division. 

We know by (31 ) that 5 = 9 x |- = 9 times f, or that 5 
is 9 times as large as |-. If, now, I divide yr by 5 (when 
my object was to divide by |-,) I shall divide by a quantity 
9 times too large, and therefore my quotient will be 
9 times too small; to obtain, then, the true quotient, I 
must multiply the first quot* by 9 ; i. e. the correct quot^ is 
found by performing two operations — first, by dividing by 
5, and secondly, by multiplying by 9 ; and performing these 
two operations at one step, we have 

ll_^5_ll 9 J. 

12- 9-12^^5 ^*^' 
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and bv comparing the two sides of this oqaadon, we see 
that the divisor |- has been inverted inU> y, and the (-7-) 
has been changed into ( x )> or the div*^ changed into 
multiplication. 

Tf mixed or whole numbers are found in any exi)re.ssiou 
which is to be simplified, we must, of course, ivduce to 
imp' fi**, and invert the divisor, as before. Thus 

ny Tf? I 117 r wt^ia' 

"^ 13 



59. The following is a more complicated Ex. involving both MuUb and 
Division. 

Reduce to the simplest form --1 of ?II . 

81 8t 

Here we reduce mixed numbers to imp. fr*^"— change </ into X» and 
invert the divisors, as was shown in last art ; and then, making two steps 
in the operation, 

38 77 

5 yl2_38^9 ^77^ 6 ,, . 
the expression =77 X^ 5^T7^T2 53 ^ ^^ 

'9 '6~ 

19 

= ??X— X?? xJ^ CM) 
-5 ^n X5$ A3^"^ 

= 19x9 _171 
5x53 365' 

In working such £xs. I should not write down both (I.) and (M), but 
perform the cancelling on the line (L), which would then bot'omo (M) : but 
a pupil would have been confused at first, if ho had not seen Itoth linon 
written in full. 
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CASE XL 

60. This case consists merely of a variety of expressiom 
intended to exemplify the previous cases ; and the working 
of the examples under it depends entirely upon a correct aiid 
ready use of the methods of performing Addition, Subtrac- 
tion, &c., as already explained. There is no difficulty in 
any of them, so long as a pupil will pay close attention to 
the signs ; but I will point out one or two Exs. wherein he is 
liable to err, though every such error must arise entirely 
from want of proper observation. 

Ex. B 2, or B 5. In working these, a pupil must take 
care that he reduces the whole expression on each side of 
the ( — ) to the simplest form before he begins to perform 
the operation of sub", which that sign ( — ) bids him 
perform. The same caution would be necessary if there 
had been ( + ) instead of ( — ) in either of the above 
examples. 

I will work B 5 as it ought to be written, merely changing the ( — ) into 
(+) : and leave a large space on each side of the (+)> so that I may run 
no risk of connecting the two parts incorrectly. 

4A oil^ + 2jofll 

3 
_^18i 117 .5^11 

" U^^ ^ 2^ 1 

TT + ¥ (^.c.D. = 22) 

_ 702 + g05 _ 1307 _ ^Q , 

22 22 " 



Ex.C.2. Simplify 3i4t^2Aofii. 
^ ^ 2^of3i • 3J of7f 
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Now, the whole of the fi« to the right of the sign (-f-) is a divisor of the 
b^ to the left of the sign ; therefore this right-hand ft^ must be inTerted, 
and the sign (-7-) changed to ( X) : the expression will then be 

3^ off 3i of 7» . 
2|of3l 2^\of|r 

and this, by changing o/mto Xy and the mixed numbers into impi* frns, 
becomes 



7 
2 


X 


5 

Ix 


28 
9 


X 


54 

7 


17 


v^ 


10 


24 


v^ 


11 


6 


X 


3 


11 


X 


12 



and lastly, — inveiting the fros in the lower line, because they are divisors, 
and connecting all the &>» with multP signs, I have 

.K ^ 7^5^ 6 ^ 3 ^28^54^ 11^12 ,„. 

theentire expression=-X-X — X— X- XyX — Xjy (N) 

-^x^xi-x^x^x^x'^^x^^ 

4 5} 5^ 

_3X3X7X3_ 189_ 



4x17 68 



2*1 . 



In working such Exs. I should omit line (N) for the reason givin in (59). 

In Exs. D 1, D 2, &c. the whole quantity enclosed in () parentheses, or 
brackets, as they are called, must be reduced to as simple a form as 
possible, before the X or -^ joining the expressions in brackets can be 
made use of. 

Thus,Dl, to simplify J-Z — ^| x (sf-f 3*), I shall first reduce 

7 3 

----- to the simplest form ; then 2i -j- 3^ must be reduced in like 

manner ; and these two results must then be multiplied together, because 
the sign (X) was placed between the brackets. The whole work would 
stand thus, 

7 3 35— 12 _ 23 , , . ^ ^ .^. 
-— -— ^ — — ^ — - I. (since L. c. D. = 40) 

8 10 40 40 ^ ^ 

and 2| + 3i=2 + 3 + i + i 

= 5+?L±l=5 + ?i=5|i II, 
36 36 '• 
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Therefore, muldplyiog I. and II., I have 

_ 23 211 
40 36 






CASE XII. 



Def. Any quantity involving money, weight, &c., as 

4 shillings, 5 pence, |-oz., is called a concrete quantity ; 
and any number not involving any such denominations, — 
as 6, 8, -f, is called an abstract number. 

61. To express in positive terms such quantities as 
■|-s., T~5- of 10s. 6d. &c. ; i. e, to express concrete quantities, 
being firac* parts of any given den**, in terms of lower den°*. 

Thus, |-s. must be expressed in terms of pence, and 
frac* parts of a penny ; -j-j- of 10s. 6d. in terms of shillings, 
pence, and frac^ parts of Id. 

So, also, -pf of a ton would be expressed in cwts., qrs., 
lbs., oz. drs., and frac* parts of a dram. 

It may happen that the proposed fr^ can be expressed in 
an exact number of units of some one of the lower den*" ; 
then, of course, there will be no frac* part of the last 
named den°. 

62. I will now show how to perform the operation 
intended in the last article. 

It has been seen (21 ) that |-s. means either on^-eighth of 

5 shillings, or^r^-eighths of 1 shilling. We may, therefore, 
use either of these two methods : — divide the 5s. by 8, 
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as in Comp*^ Short Division, and the process will be 

«. d. 

thus — ^ , or, treating the fr" as t of 1 s., we 

7id 

may change of into ( x ), reduce the Is. to pence, and 
proceed thus — 

8 8 H 2 ' 

2 

This latter method seems more suitable to an Ex. which 
professes to belong to frac*^®, and is the one which I recom- 
mend, unless the den' of the proposed fr'* be very large, 
so as to make the division to be performed rather difficult : 
in that case, to work by Comp^ Long Div*^ is preferable, as 
being more likely to be correct. I will take such an Ex. 
and work it through by both methods. 

17 
Express in positive terms ^^ o^ & ton. 

Working fractionally, we have 

10 

U- of 1 ton = ll^cwts. = ^cwts. = 13tV cwts. 
26 5?)S( 13 

13 

I now take the frac^ part of the cwts., viz. yt ^^ ^ ^^wt, 
and express it in the next lower den?, viz. quarters ; and so 
proceed, till either there be no frac^ part left, or till I come 
to the last den*^ used. 

1 1 ^4 4 

—— of 1 cwt. =: -^ qrs. = -- qrs. {u e, qrs. in the final quotient.) 
13 13 lo 

^ of 1 qr. = ^lbs-= ^^Ibs- = SAlbs. 
^ of 1 lb. =^^<>^- = ^»- =9«oz. 

jl of 1 02. =^l^^irs= i^s. = ISAdrs. 

therefore, 17 c^- V^' l^s- <>«• <!«• 

2g of 1 ton = 13 8 9 13-^^, 

IE. 



38 
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Secondly, take Sg of 17 tons; t. e, divide 17 tons by 26. 

tons 

17 

20 

26) 340 (13 cwt. 
26 

80 
78 

2 

4 

26) 8 (0 qrs. 
28 

26) 224 (8 lbs. 
208 

16 
16 

26) 256 (9 oz. 
234 

22 
16 



26) 352 (13t's drs. 
26 

92 

if =JL 

26 13 



therefore, as before, 17 ^ _ 7^^ ^Jf • ^S* Jf • ,^; 

26 "^ 



sstons= 13 8 9 13tV 



63. When Exs. under this Case involve money, it is well 
to carry the reduction no farther than pence and frac^ parts 
of a penny : for, since farthings are themselves written as 
frac^ parts of a penny, therefore if we carry the reduction to 
frac^ parts of a farthing, the answer will appear somewhat 
complicated. I will work an Ex. which will illustrate this. 

151 

Express in positive terms — sh. 

240 

1 
151 _151xX!i{^ 151, ,,,, ,^v 

240" = -^-^-= ^^•='**^- ^""^ 

20 
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5 
therefore ^s. = 7tcL if. (P) 

If I compare lUd. in (O) and 7H* if. in (P), I see that 
the former fr° involyes less labour, and conveys to a person 
acquainted with fr^ the idea of the real value of the 
expression, at least as well as the other. 

64. When a unit of any den*^ can be divided exactly by 
any number, as 4, 6, 6, Sec, such fourths, fifths, sixths, &c., 
are called aliquot parts of that unit. 

Thus, since dEl or 20s. when divided by 3, 4, 5, 6, 8, 10, 
12, gives quotients involving an exact number of shillings 
and pence; therefore thirds, fourths, fifths, &c., of £1 are 
called aliquot parts of £1. 

For example — 

1 £ == 48. 4 £ = 88. 4 ^ = 16s. 

5 5 5 

4 £ = 2s. 6d. 4 ^ = 12s. 6d. 4 ^ = 17s. 6d. 

8 8 8 

l£ = 68.8d. ?.£ = 13s. 4d. 
3 3 

15 7 

So also, --sb. = l^d. — sh. ^ Ta^d. -sh. ^ lO^d. 

8 o 8 

And since 1 lb. avoirdupois, or 16oz. can be divided exactly by 2, 4, 8 ; 
therefore halves, fourths, and eighths of 1 lb. can be at once expressed in oz. 

Thus, ib. =: 6oz. —lb. = 14oz. 

o 8 

and if the value of one or more of these aliquot parts of the denominations 
in common use be remembered, the operations performed in this Case will 
often be much shortened. 

Ex. -^£ = ?3^sh. = ^sh. = 3ish. = 3s. 4id. 

8 
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RATIO AND PROPORTION. 

Before proceeding to Case XIU. it wUl be advisable to 
discuss one of the most important relations in numbers^ 
without which a pupil could not understand the principle 
upon which Exs. in this Case are worked. This relation is 
termed Ratio. 

And as this consideration of Ratio leads to the doctrine 
of Proportion, I have thought it well to continue the 
subject in one unbroken thread, and then refer to this 
explanation, when I come to the treatment of questions 
involving Proportion and its applications. 

65. When two quantities are placed before us — as, for 
instance, the lines A, B — and we wish to compare their 

magnitude, we perceive that there is a certain 
relation between them, which we familiarly call 
the comparative size of them ; and this comparison 
or relation is measured by seeing how often the 
one quantity contains the other. 

Now, to see how often one quan^ contains the other — as, 
for example, how often 36 contains 5 — we divide the former 
by the latter, i. e. the 36 by the 5, and the quotient is -y ; 
therefore, to see how often the line A contains the line B, 
I divide A by B : i. e. the relation of A to B is expressed 

by thefts -g. 

66. This relation is called the ratio of A to B, and is 
thus expressed, A : B. 

If A > B, the fi^ expressing the ratio of A to B, t. e. g-, 
wiQ be an improper fi* greater than 1 ; 

If A = B, the fr« wiU become -j > or unity ; 



B 
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A 

If A < B, the fr»» will become ~ , a proper fr". 

D 

Also, when the fr*^ ~ is greater than 1, the ratio of A to 

B is called a ratio of greater inequality, because A > B. 

A A 
When the fr*^ — = — = 1, the ratio is called a ratio of 

B A 

A 

equality ; and when the fi* =- is a proper jfr", the ratio is 

B 

called a ratio of less inequality, because A < B. 

67. If the num' and den' of a fr" expressing ratio botli 
consist of the same kind of concrete quantities, the ratio 
between these quantities will be an abstract number. 

Ex. If the lines A and B represent 4 inches and 3 inches 

respectively, then A : B = ^~ = —^ = - ; and 

B 3 m. 3 



-B 



if, instead of inches, these lines had represented 4 
feet and 3 feet, or 41b. and 31b., the ratio of A to 
B would still be y , and of B to A would be ^. 

But if the num' and den'' be of the same 
species of concrete quantity, but not expressed in 
the same denomination, the ratio cannot be represented by 
an abstract quantity, until they both be reduced to the same 

denomination. Thus, ^ . ^f does not = — feet, or - in. 

9 mches 9 9 

,4 , . .. 48in. 48 16 u ^ . u 

or - , but it = —i — = - - = — , an abstract number. 

9 9 m. 9 3 

If quantities be not of the same nature, there can be no 

ratio between them : thus : is no ratio at all, since 

5 mmutes 

we cannot compare the magnitude of 4 feet and of 5 

minutes. 

This article must be especially noticed, as upon it will 

depend the mode of working Exs. in Case XIII. 

£ 3 



42 FRACTIONS. 

68. We now see that any fraction, as ^, has still a further 
meaning, beside what was stated in (21 ), viz. the ratio of 
2 to 6, or, as it is written, 2:5; and ^ may be called 
a ratio. 

If, then, two other quantities be taken, as 4 and 10, and 
it is found that yV = T» then we say that the ratio of 4 to 
10 is equal to the ratio of 2 to 5, and this fact we express 
either thus, 

4: 10 = 2:5, or 4: 10:: 2:5; 

the latter expression is thus read — 4 is to 10 as 2 is to 6, 
When, therefore, two ratios, as -^ and ■§-, are placed 
before us, and we learn that they are equal, we say that the 
four quantities, 4, 10, 2, 5, are Proportionals. 

69. We may now define Proportion to consist in the 
equality of two ratios. Of the above-mentioned numbers 
4, 10, 2, 5 — 4 and 5 are called the extremes ; 10 and 2 are 
called the means, because they are intermediate between 
the extremes. 

Also, when 4 quantities are given, and we wish to 
ascertain whether they are proportionals or not, we must 
see if the fr*> expressing the ratio of the 1st and 2nd ^ the 
fr^ expressing the ratio of the Srd and 4th. Thus, if I take 
the numbers 5, 6, 7, 8, and wish to try whether they are 
proportionals, I compare -§-, the ratio of the first pair, and -J-, 
the ratio of the second pair ; and if these fr"* are proved 
unequal, the above 4 quantities ai*e not proportionals. 

Now, it was shown in (50) that to compare two frac^ 
quantities we must bring them to some Com. Den^ 
Reducing the fr"* ^ and -g- to a c.d. 48, we have to compare 
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And since — is not = — , therefore —is not = -, and 

48 48 6 8 

5, 6, 7, 8, are not proportionals. 

It will be seen in line (Q) that the test as to whether or 
not the four proposed quantities be proportionals^ consists 
in multiplying, 1st, the two extremes 6, S, and 2ndly, the 
two means 6, 7 : and if these products be equal, the four 
quantities are proportionals ; if they be not equal, the four 
quantities are not proportionals. 

This operation may generally be performed mentally: 
thus, if I take 5, 8, 9, 16, 1 say 5 x 16 = 80, and 8 x9 = 72 ; 
therefore these quantities are not proportionals. Again, if 
I take 4, 9, 5, Hi, since the product of the extremes 
4x111 = 4x T = ^^> ^^^ ^^ product of the means 
9x5 = 45; therefore these last four quantities are pro- 
portionals. (See Appendix, Art Ratio). 

70. Having now explained how to tell when four 
quantities are proportionals, we proceed to show how, 
when three numbers are given, we may find a fourth 
number, such that the other three and this fourth shall be 
proportionals. This is sometimes called finding a fourth 
proportional to three given terms. But, in order to 
explain this process the more readily, I wlQ first explain 
some operations in Fractions which have not yet been 
noticed. 

71. We have seen (28, 29) that to multiply a fr" by any 
number, we may either multiply the num' or divide the 
den' by this multiplier. Thus, if I wish to multiply y*^ 
by 10, it becomes 

4xio _ 4xXlBi _4 
10 W 



4 _- 1 -4. 
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therefore, if I wish to multiply a fr" by its own den', I 
obtain the correct result by merely taking away that den'. 

Now, if I multiply two equal quantities by the same 
multiplier, the products will be equal. If, therefore, in the 
equation, 

^ =^ (I.) 

10 5 ^ ^ 

I multiply both sides by iO ; the first side becomes 4, as 
just shown^ and the second side becomes 

2x10 ., - . 2x10 , . 

— - — ; therefore 4 = — - — (ii.) 

5 5 

By comparing (i.) and (ii.) I find that I have transferred 
a den' of one side of the equation into the num' of the 
other^ without disturbing the equality. 

Again, it has been shown (9) that if I have a product, 
as 7x5x3, and I wish to divide this product by one or 
more of its factors, I have merely to strike out such one or 
more factors ; t. c. if I wish to divide 7 x 5 x 3 by 5, I 
remove the 5, and have as quotient 7x3; therefore^ if in 
equation (ii.) I wish to divide the right-hand side by 2, 1 
have only to cancel the 2, and leave as the quotient ^ : 
also, dividing the left-hand side by 2, by making 2 as 
the den' (22), but not performing the division, I have the 
quotient ^. 

Since, then, I have divided both sides of the equation 
(ii.) by 2, the quotients must be equal ; 

4 10 , , 

t. «. - =— (hi.) 

2 o ^ ' 

On comparing (i.) and (iii.) it will be seen that I have 
now transferred a factor 2 from the num' of the right side 
to the den' of the left ; or made a multiplier of one side 
into a divisor of the other : also, that I have transferred a 
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quantity 10 from the den' of 'the left side to the num' of 
the right side. And these processes might have heen per- 
formed, whatever had been the two fractions given in (i.) 

72. We may now, therefore, conclude, that if two equal 
fractions are placed before us, we can transfer any factor 
from the num' of one side to the den' of the other, and 
from the den' of one side to the num' of the other, and the 
equality will stiU exist But it must be distinctly noticed, 
that we do not change the places of these factors by 
subtraction and addition, but by division and multiplication: 
thus, if I have 

3 6 2x3 , . 

— = — or = —P— (iv.) 

5 10 10 ^ ^ 

and I wish to remove a 2 from the right-hand num' to the 
left-hand den', I divide the num' by the 2, and multiply the 
other den' by it, and I have 

3 _ 1x3 . 
5x2 10 ■ 

now, it is not necessary to write this fig. 1 as I have done, 
because 1x3 = 3; but let us remove the 3 from the right- 
hand num', and I have 

3 _ 1x1 _ J_ 
5x2x3 10 10* 

It appears, then, that if I remove all the factors, i. e. the 
whole num', I must remember that I leave as many 
quotients 1 as I removed factors, and therefore the num' 
or den' from which the factors have been taken = the 
product of all these figs. 1, and is therefore =1. If this 
product, which = 1, occurs in the den', we do not write it 
down, because -f- = 6. 

I will now make use of this power of changing the places 
of num' and den', as just explained. 
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We know that i = — ; (i.) 

7 35 

Change^ first the 7, and second by the 15, and we have 
3=l^(n.) aad^ = ^ (xn.) 

Next, in iii., change first the 3, and second the 35, and 

we have 

1 7 , , J 35 7 , , 
— = (iv.) and — = - (v.) 

15 3x35 ^ ^ 15 3 ^ ^ 

Comparing i. and v., I find that v. is i. inverted : hence, 
I learn that if two fi** are equal, they will be equal when 
inverted. However complicated the two equal fractions 
may be, this will make no difference : 

Tl.us,if|=||, 

we can say, 3* = Ii2i^, or 72=^1^ , or Z? = Zt . 
^ 72 ' 3i 35 3i 

73. Having established the truth of the above operations, 
I proceed to solve the following question. 

If three numbers be given, as 5, 6, 10, what number 
must be taken as a fourth number, such that the four, when 
taken in order, shall be proportionals P 

Now, as I do not know (or, at least, the learner does 
not know,) the required number, let the letter N stand for 
or represent this number ; and I have now to try and find 
what this N must be. 

Since, then, 5, 6, 10, and N are required to be propor- 
tionals, therefore we must have the ratio between the first 
pair 5, 6 = that between the second pair 10, N ; i. e, 

i = -L^- (R) 

6 N' ^ ' 
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change 5 and N, as shown above, and we have -- = ^ . 
Next, throw the 6 into the right-hand num*', and we find 

N = £2lll (S) 

5 

=_«^ = 12. 

Put 12 for N in (R), and we have - = — , which we know 

6 12 

to be trae^ and therefore 6, 6, 10, 12, are proportionals. 

The result of this article must be most carefully noticed; 
for in observing (S) we learn that the required 4th number 
N was thus formed from the three former ones, 5, 6, 10 : viz. 
that it is the value of this fr°^the product of the 2nd and 

3rd terms, divided by the first; or it = ^^^,^ ^^. 

•^ 1st 

74. We have shown that, in order that there may exist 
a ratio between two quantities, they must be of the same 
kind ; since, then, there is to be a proportion among the 
three given quantities and the fourth, therefore between 
the 1st and 2nd there must be a ratio^ and an equal ratio 
between the drd and 4th. Hence we see that the second 
pair must be of the same kind ; that is, the 4th quantity, 
when found, ought to be of the same kind as the 3rd. 

Now, if we observe the fi* -!^ in the last article, we 

1st 

notice, that since it is allowed that the 2nd and 1st are 

alike in kind, therefore the , — will be an abstract number 

1st 

(67) ; and therefore the 4th, which = — — x 3rd, = 3rd 

1 all 

multiplied by some abstract number ; i. e, it will be the 
3rd term repeated as many times as there are units ixL tk\Sk 
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number, and therefore will be of the same kind as that in 
which the third term was expressed. 

Also, if the 2nd term be greater than the 1 st, -- — will be 

afir° > 1, and the multiplier of the 3rd term will be greater 
than I, and the 4th term greater than the 3rd ; but if the 

2nd term be less than the 1st, then -- — will be a proper 

h^, and the multiplier less than 1, and the 4th term less 
than the drd. 

75. We may here notice a form of expression that we 
familiarly use, when we say, that two quantities are pro- 
portional to one another ; as, for instance, that the amount 
of a servant's wages is proportional to the leng^ of his 
service. Here, apparently, two quantities of different kinds 
are compared, viz. money and time ; but, in reality, four 
quantities are implied, viz. two periods of time, and two 
amounts of wages. For since one year and one year's 
wages may be taken as fixed standards, by which we may 
measure other periods and other amounts; therefore, I 
mentally compare any proposed length of service and the 
corresponding amount of wages with these fixed standards ; 
and the original expression means this — that there is the 
same ratio between any given length of service and one 
year, that there is between the amount of wages for that 
service and one year's wages ; or, that these two periods of 
service and two amounts of wages together form a propor- 
tion in this order. 

Given time : 1 year : : wages for that time : wages for 
1 year. 

If we wish to ascertain whether two quantities are what 
is here called proportional to one another, according to 
the common usage of the words, we may try if doubling 
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the one quantity causes the other to be doubled ; as for 
example^ in this instance — ^will the wages be doubled^ if 
the time of service be doubled P Since this is the case^ 
therefore the wages and time are proportional in the sense 
explained above. 

The correct, though not common mode of expressing 
this proportion, is to saj, that the amount of wages varies 
as the length of the time of service. 

76. But sometimes this proportion occurs in a different 
form ; as, when a man has a certain number of miles to 
walk in any time ; then, if he quickens his rate of going, he 
can complete his task in less time. In this case it would 
be incorrect to say that the length of time was in proportion 
to the rate of walking ; for, according to the test given 
above, I ask — ^if the rate be doubled, will the number of 
days be doubled P the answer is, no : on the contrary, it 
will be halved. There is here, then, evidently a proportion 
(taking the same word in the common usage,) but of 
a different kind, viz., that as one number is increased by 
multiplication, the other is correspondingly diminished by 
division. 

As, in the first instance, it was said that the wages 
varied as the time, so, in this second example, the relation 
between the two quantities is correctly expressed by saying, 
that the number of days varies inversely as the rate of 
walking ; or, as it is commonly said — in the first Ex., the 
wages were directly proportional to the time ; and in the 
second Ex. the number of days is inversely proportional to 
the rate. 
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CASE XIII. 

77. We are now able to perform the operation required 
under this Case, viz.^ to express one quantity in terms of 
another, or as a frac^ part of another. This fi^ connecting 
the two quantities will show the ratio between them, and 
may be either proper or improper. 

For example — to express 9d. in terms of £1, is to see 
what ratio 9d. bears to £1. Hence, according to what has 
been explained concerning ratio, we say, 

9d. in terms of £1 = 9d. : £1 

__ 9d. _, 9d. __9__ 3 . 
" £1 240d. 240 "80' 

and transferring the £1 from the den' of the left-hand 
fi* to the num' of the right-hand fr° by (71), I have 
9d. = -^x£l, or -^ of £1. This result may also be 
obtained as follows ; — 

I have to express pence in terms of £1. 

Now, 240 pence = £1 ; therefore, taking ^Jh part of both sides — 

1 penny = _ of £1 ; 
and multiplying by 9, 

9 pence =^^ of £l 

80 ' 

and transferring the £1 from the right-hand numerator to the left-hand 
denominator, we have, as before, 

9 pence 3 

~£l 80* 

It will be observed, that by this second method we have an independent 
proof, that the ratio between two concrete numbers of like kind, as pence, 
pounds, &c., is an abstract number. 
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78. Either of the two methods jnst shown may be 
employed; but I prefer the former, because it more 
decidedly keeps the idea of ratio before the mind ; and an 
Ex. so worked can be written out in a more condensed from 
than by the latter method. It wiD be noticed that the two 
concrete quantities are both to be reduced to some com. 
den*^, in order that the ratio between them mar be expressed : 
thus, in the last Ex., both were reduced to pence. 

Ex. II. Express 7s. 7|d. in terms of 10s. 6d. 

Here I exhibit both munerator and dmominator in terms of pence : 
and write 

78.7id. _ 91id. _ 2 „ \HZ _ 61 

10s. 6d. "" 126d. iS 2x126 84* 

4i 

I might have reduced both numerator and denominator to half-pence, 
but a pupil would not easilv reduce 7s. 7|d. to half-pence mentally ; but 
he might write it in pence and a firactkm of a pennr, as I have done, and 

then the sucoessive steps of the work wiU be seen more clearly. 

9d 3 

Referring to Ex. 1., we read — —'=_.; and since, by (72), two equal 

fractions may be inverted, without disturbing the equality ; therefore 

P| gQ 

— =: — ; or, changing the 9d. to the right-hand numerator, 
9d. 3 

£1=^ X9d.; or=: ^ of 9d. 
3 «J 

Hence we see that in every Ex. where we have to express one quantity 
in terms of a second, we can express this second in terms of the first, by 
merely inverting the ratio which connected the first and second. Thus, in 
Ex. II., 

since 7s. 7|d. = — of IDs. 6d. ; 

therefore 10s. 6d. = — of 7s. 74d. 

61 

79. Sometimes fractions may be involved in both num' 
and den^ as in 

Ex. III. Express 1 } of 2a. 1 r. in terms of 3 acres 2\ roods. 
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Here, brioging both quantitiea into roods, and ehanging tif into Xy we 
have 

1| of 2a. Ir. _ i X 9r. __JX9 



3a.2ir. 141 r. 

% 

;^ 1 29 58' 
S 

This should be left as an improper fraction, because I can then read off 
this desired result— that 

1{ of 2a. Jr. : 3a. 2lr. = 63 : 56; 

or that the ratio of these two portions of land is that of 63 to 58. 

As in (64) it was shown to be advisable to be able to 
express aliquot parts of any den** in terms of lower den***, 
so, with a little experience, a pupil will, by a reverse process, 
mentally work easy Exs. in this Case, so as at once to see, 
that 5s. in terms of £1 = ^; that 6s. 8d. : £l = -3-, and 
so on : and a readiness in performing such simple reduc- 
tions will often materially shorten the labour of more 
complicated Exs. Thus, to express -|- of Ids. 4d. in terms 
of 10s.:— 

By observing that 13s. 4d. =: }£, and 10s. = ^£, I have 

|ofl38.4d. ^ |of|£ _7 !^ v^-7. 

10s. 4£ fii ^ 3 1 6' 

\% 
or, i of 13s. 4d, = I of IDs. 

By the ordinary method I should have reduced both 13t. 4d. and 10s. 
to pence or fourpences, and the resulting fraction would have required 
much heavier reduction than mine has needed. 

80. When either the num' or den' of the left-hand fip«» 
requires much reduction to a lower den'*, it is better to 
express by signs the multiplication requisite to perform this 
reduction, rather than to perform the mult^, and put down 
the result ; because, when either num'' or den' is thus 
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expressed in factors^ it is in the best form for detecting 
the probability of any cancelling taking place^ so as to 
present the resulting fr'^ in its lowest terms. 

For escample, in reducing 5drs. Isc. 15grs. to the fi*action of lib., I 
must bring the 1 lb. to grains, and I write 

5dr. Isc. 15grs. 16sc. 15grs. 335 grs. 



lib. ]Xl2x8x3sc. 12x8x3x20grs. 

67 
«_ S^^ _ 67 _ 67 



(T) 



12x8x3x1^81 96x12 1152 

4 

But in this £x. we may also notice that the last denomination 15 grs. 
may be very readily expressed as a fraction of the preceding denomination, 
viz, scruples, for 15 grs. = i^sc. = fsc. ; therefore instead of the two 
latter fractions in line (T), I should write 

67 
_ 16|sc. __ 4 _ 67 _ 67 



12x8x3sc. 12X8X3 4x12x8x3 12x96 

= -^- 
1152* 

Of these five fractions the last four are merely reductions to a simpler 
form ; and the number of steps which a pupil may have to write down in 
working Exs. similar to the one above wUl depend, partly on the magnitude 
of the numbers involved, and partly on his own quickness in working 
mentally. 

I will give one more Ex. in which the work is condensed, 
but still the successive operations are inteUigible. 

Express — — of 4id. in terms of 9s. 7Jd. 

H of 4R _ iixyd. _ Uv.17 ^ _ J7 . 

9s. 7id. 115id. 12 % W, 504' 

2 21 

11 17 

or, - ^ of 4ld. = - — of 9s. 7id. 

12 504 
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CASE XIV. 

81. Under this head are arranged — Ist expressions 
involving Exs. of Case XII., and requiring both Addition 
and Subtraction^ as — 

I- f£+T0f 21s.-^of 27s. 

2ndly, Exs. in Compound Addition, Subtraction, Multi- 
plication, and Division, in which fractional quantities are 
involved. I give one of each. 

n. £3 6s. 8id. + £2 lis. Sid. + £4 Ids. 9id. 
m. £7 16s. 8|d.-£3 lis. lOid. 
IV. £8 14s. 2 Ad. X 46td. 
V. ^8 3s. 4id. -e- 13i. 

82. In Elx. I. we may use either of the following methods, 
viz. reduce all the quantities to the same denomination, and 
then find the value of their sum by Case XII. ; or express 
in positive terms each fraction separately, and then find 
the value of the whole by Compound Addition and Sub- 
traction. 

By the first method, reducing the quantities to the 
fraction of £1, 1 have 

- sov. + iof 2Js. - 1 of 27s. 

8 4 8 

— (5 . 63_289 \j. 
■" V 8 80 160 / 

100 + 126—189 p ,.^ , o « — ifiA\ 
160 

_ 226-189 p _ J7 £ 
leT' 160 
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and ^£=.^1^8h. =?Zih. = 4ish. = 4s.7id. 
160 \^^ 8 

6 

By the second method — 

i £ (64) = 12b. 6d. 

o 

4- of 2l8h. = ^sh. = 15|8h. = 158. 9d. 
4 4 

1- of 278h. = ip 8h. = 23tsh.= £1 38. 71d. 

therefore ^ £ + ^ of 2l8. —1 of 27s. = 128. 6d.+15s. 9d. -£1 3s, 7 Jd. 
8 4 8 

= £188.dd. — i:i38. 7id. 

= 4si 7id. 

83. Ex. U. £3 6s. 8id.+£2 lis. 8id.+£4 Ids. 9id. 

Commencing with the addition of the fractional parts, I have 

id.+Id. + ?d.=^?^±?l±l«d. 

6 ^8 ^3 24 

= $Zd. = l?d. = 2|d. 
24^ 8 ' 

and carrying the 2d. to the row of pence, 1 complete the sum as in Com 
pound Addition ; and the whole amount ^ £10 12s. 3|d. 

84. Ex. in. £7 16s. 8*d.-,£3 Us. lO^d. 

Commencing with the subtraction of the fractional parts, 
I obseire that -§- << 7 ; therefore^ borrowing Id. from the 
8d. in the former quantity, I have 

i.j .A /ll 7\, _44-2K _23, 
l|d. - id.= (^ --)d.= -_-d._^d. 

and completing the sum by Comp^ Sub°, the whole diflfe- 
rence is £4 4s. 9Hd. 

Ex. IV. £8 14s. 2 Ad. X 46*. 

Now, since to multiply 46i is to repeat the multiplicand 
46 times and |- times, therefore, if I multiply the g^veu 
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comp^ quanU by 46, and then take -§- of the same, the sum 
of the two products will be the product required, viz. 461 
times £S 14s. 2f^d. Proceeding as in Comp^ Mult°, and 
working in the margin on the paper those parts of the 
mulf^ which involve fractions, I have 



£8 148. 2^d. 

9x5+1=46 



£78 


78. 


Hi 
5 


£391 


19s. 


8i = 


£8 14s. 


^ = 


£7 148. 


10iV = 


£408 


88. 


9/,= 



: 45 times 

1 „ 
= I V 

= 46f ,. 



[SIX ^d. = ^'d. = 5id.] 

4 

And|of(£8l48.2TVd.) 

_ 8x(£8 14s.2/,) 
9 

_ £69 138. 8|d. 



S 



[for)BlX-^^d.= J^d. = 4|d.] 

3 
= £7 14s. 10^. 

The /fd, is thus obtained : after 
dividing the pence by 9, there 
remained 2d. ; therefore I had to 
divide 2}d. by 9 — the quotient 

8_ 
_2|d._3^ — 8 



9"""9^-~27*^ 



Sum of the fractions 



=( 



i + 1 + 5 
4 ^ 12 ^ 27 



1 , 27+63+32 , 
l^- = — 108 ^• 

= l^d = — d 
108 * 54 * 

= i3\a- 



Again, 46|- = *^ ; therefore I may multiply the given sum 
by *^ ; i. e. multiply by 422, and divide by 9. But as this 
second method involves more labour, and would therefore 
be not so generally used, it is not worth while to work 
the Ex. out^ especially as the process of Compound Multi- 
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plication, where fractions are involved, is sufficiently shown 
in' the former method. 

85. Ex. V. £38 3s. 4fd -^ 13f . 

There is but one mode of working this Ex. viz. to reduce 
the divisor to an imp'' fir° — invert it, and proceed as in 
multiplication. 

Now, 13i = ^ ; and this, when inverted, becomes -rfr' 
Therefore the Ex. becomes <£38 3s. 4|d. x ttt ; <^ ^* I 
have to multiply the given sum by 9, and divide by 124. 
The work will be as follows : — 



9 X fd. = v<i- = 5|d. 



£ 


«. 


d. 


38 


3 


4| 
9 



124) 343 10 5| (£2 
248 

95 
20 



124) 1910 (15s. 
124 

670 
620 

50 
12 



124) 605 (4d. 
496 



109 

2 



There now remain 109d. and -f-d., which have not yet 
been divided by 124 ; the quotient = 



547 



124 — m "" 5x124 620 
and the whole quotient is £2 15s. 4iHd. 



MISCELLANEOUS EXAMPLES. 



86. These, of course, consist of questions involving 
one or more of the Cases which we have considered; 
and all that can be done towards guiding the pupil in 
such Ess. 10, merely to aaast ^uaii m v^^^^% 
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what operations are required in solving any proposed 
question. 

What was said in Case XI. applies more particularly 
here^ viz., that it is necessary most carefidly to note the 
sign*, or rather the words which express signs. As an 
example of this caution^ I will consider A 4 ; and in order 
to work it, I shall endeavour to see what operations are 
intended by the words employed in the question. The 
sum is as follows : 

Multiply the sum of ■§-, |- of 4-, and 4, by l\i. 

Now, the sum of means addition, or (+), and of means 
( X ); therefore, this Ex. expressed in signs is (-§-+1- x-|-+4) 
X 71i- This is now in the form of an Ex. under Case XI., 
and the remaining work may be completed by a pupil. 

87. B 5. How many persons may receive each 3f s. out 
of £13^? 

This is only a Reduction sum, involving fractions ; and, 
in plainer language, means — ^how often are 3|^s. contained 
in £13* ? or, if I divide £13* by 3*s., what is the 
quotient ? 

£13} 



The quotient required is 



3#s. 



69 20s. 
_ 13}x20s. 5 1 

3|s. ~ 23 



(U) 



= 4x^X-l=72 

By (67) we know that the second fraction in line (U) 
will be an abstract number ; and the result, 72, shows that 
3j^s. are contained 72 times in £13*. 

88. E6. Compare f £, |- of a guinea, and f of 1 Is. 10}d* 
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We cannot compare quantities without bringing them to 
some common name ; t. e. in order to compare firactional 
quantities, we must reduce them to their l. c. d. 

These quantities may therefore either be expressed in 
positive terms, as pounds, shillings, pence, &c., and then 
compared; or may be all expressed as fractions of one 
common quantity — say, of £1, or of 1 guinea, and then 
reduced to l. c. d. I use the latter method, because then I 
see more clearly the ratio between the quantities. 

89. For the solution of such Exs. as A 3, F 9, G 4, see 
Arts. Area and Volume. 

I will work in full another Ex., B 6, because upon the 
method of working it depends the solution of many 
questions in Arithmetic and Algebra. 

Ex. T + 1"+ iV ^^ * number is 36, what is the number ? 

Now-i---h— _-^. 

And, by the question, this sum = 36 ; 
i. e, f of the number = 36 ; 
therefore, dividing both sides by 2, 

\ of the number := 18 ; 
and, multiplying by 3, 

I ni the number, t. e, the whole number ^ 3 Xl8 := 54. 

^ 90. The following is an Ex. which is to be worked upon 
a principle similar to the last. 

If A can do a piece of work in 3 hours, B in 5 hours, 
and C in 7 hours, in what time can they do it, all working 
together P 

Now, A can do the work in 3 hours; 
therefore A can do \ of the work in 1 hour; 
so, B „ i „ 1 hour; 

and C „ \ „ 1 hour; 

therefore the three, A, B, C, working together, can perform 

1,1,1 35+21+15 7) . , . _^ 
— + _ + — or, — ■ — — ! — or -— - m 1 hour ; 

3^5^7 ' 105 105 ' 
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71 

therefore, if they do — in 1 hour, 

they will do —-- in -- hour, 

105 71 

105 105 

and therefore -—~, or the whole, in — hours; 
105 '71 

that is, in Iff hourt. 

By observing the fr° iVr^ expressing the amount done 
in 1 hour, and \^ , the number of hours required for the 
whole work, we find that they are the reverse of one 
another ; and this we might have expected, foor the quantity 
of work done in any given time bears an inverse ratio to 
the amount of time in which it is done (76). 

Here I have been finding the time of doing the whole 
work. I give one more Ex., in which it is required to find 
how much of a given piece of work can be done in any 
fixed time. 

Ex. A cistern is filled by two spouts in 20 and 24 
minutes respectively, and emptied by a tap in 30 minutes ; 
what portion of it will be filled in Id minutes, when they 
are all left open together, the influx and efflux being 
uniform ? 

Since the 1st tap would fill the whole in 20 min. 
therefore it would fill g^^th in 1 min. 1 

so also, the 2nd „ ^^^th in 1 min. 

• 

therefore ^ + ^i ^e poured in by both together in 1 minute ; but ^ is 
discharged in 1 minute by the third tap ; therefore, subtracting the quantity 
discharged from that poured in, we have remaining in the cistern at the 
end of 1 minute, ^ '\' ^ — -^ i 

A *u- 6+5-4 11-4 . 
and this = ' ^^ — = .^^ 
120 120 

= — - in one minute ; 

7 7 
therefore in 15 minutes there is IB X .wcror— ; hence in 15 minutes the 

^ i^ 8 
cistern ifjU be seven-eighths full. ® 
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DECIMALS. 



91. It is known to all who understand Numeration, that 
where several figures are placed in a horizontal row, so as 
to form one number, the value of any figure depends upon 
its distance from the figure nearest to the right, or, as it is 
commonly called, from the units* place. Thus, if we take 
the number 6666, we know that the four figures, counting 
from left to right, have these values respectively — 6000, 
600, 60, 6 ; where we observe that the first 6 to the left 
has 10 times the value of the second — the second, 10 
times the value of the third, and so on : or, going from 
right to left, each figure has one-tenth of the value of the 
one preceding it ; in other words, any figure, when moved 
from right to left is multiplied by 10 every step, and when 
moved from left to right is divided by 10 every step. For 
example, in the number 

D C B A 

66 6 6, 

if I move 6 from a to d, or three places to the left, I in 
reality multiply it by 10x10x10, or 1000, i.e. the 6 
becomes 6000. Again, to change a 6 fi*om c to a, or two 
places to the r ght, I divide it by 10 x 10, or 100 ; i. e. the 
figure which before represented 600 now represents 6. 

92. Since, then, it has been shown that successive 
figures to the right are found by dividing by 10, let this 
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division be continued beyond the units' place ; we oagbt, 
therefore, to have, as the value of the first figure to the 
right of the units* place, -^ih of 6, or -^jp ; of the next,-^^ 

of yV> or i5q; so, of the next, ^^^^ ; of the next, iq^qq, 
&c. And when these four additional figures are placed to 
the right of the units' place, the entire number will be 

E POH 

6666*6666, where a point has been set after the units' 
place, to show where the new figures commence. The 
entire number now consists of 6 thousands, 6 hundreds, 6 
tens, 6 units (or 6), 6 tenths, 6 hundredths, 6 thousandths, 
6 tenths of thousandths. 



EFOH 



Also, observing *6666, it may be seen that the same rule 
holds that was true of the whole numbers, viz. that to 
move any figure fi-om right to left is to multiply by 10 every 
step, and from left to right, is to divide by 10. For 
example : if I change the second 6 from f to h, or move 

A A 

it two places to the right, I change it from ^ to ^^^^ 

which = jjjQ -^ 100 ; t. e. I have divided it by 10 x 10, or 

by 10 twice. 

Again, if I change the fourth 6 from h to e, or move it 
three places to the left, I change it from looob to y^, 

which = joQQQ X 1000 ; i. e, I have multiplied 6 by 
10x10x10, or by 10 three times; hence the same law 
holds both on the right and left of the point. 

Def. If a number be multipUed by itself any number of 
times, it is said to be raised to a power. Thus, the 
multiplication of 2 x 2 x 2 is otherwise expressed by saying 
that 2 is raised to the power of 3 ; and a small figure 3 
placed to the right of the 2 and above the line (thus, 2') 
indicates or explains how many factors, 2, have been 
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multiplied together. In like manner^ 10* expresses the 
multiplication of four factors, each 10, and is called the 
fourth power of 10. 

This small figure is called the Index, or Exponent. 

93. It appears that the figures on the right of the 

ft (t A 

point in reality represent fractions, as jq, jqq, j^^^ &c. 

all of which have as denominators either 10, or powers of 
10 ; hence they are called Decimal Fractions, or Decimals. 
And the point which is placed to separate the whole numbers 
from the decimals is called the decimal point 

94. We have just seen (91) that in writing down the 
value which any single figure represents in the whole 
number 6666, viz. 6000, 600, 60, 6, we place as many 
ciphers at the right-hand of each 6, as will keep it in the 
place which it had in the number 6666 : so also, in the 
number '6666, if we wish to write down the value of each 
one of these four figures separately, we shall have to place 
as many ciphers to the left of each 6 as will keep it in the 
place which it had in the number '6666, or at its proper 
distance from the point Hence these four figures, when 
placed singly, would be 

•6, -06, -006, -0006; (W) 

and, as in whole numbers we might go farther to the left, 

and have as the next figure 60000 ; so, by going farther to 

the right in the decimals, I should have as the next figure 

•00006. 

Comparing the four quantities in line (W) with the 

value which we have shown to be due to them, viz. -Ar, 
fl ft 
loo* looo' ^^'' ^® have this connection, 

— = -6 A = -06 _?_ = 006 ^ = •0006 (X) 

10 100 1000 lOOOO ^^ ^^ 
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where it will be observed^ that the namber of ciphers in 
the den' of the left-hand side eqaals the whole number of 
figures after the decimal pointy whether ciphers or not^ on 
the right-hand side. 

95. Taking this fact as proved when there is but one 
figure in the num' of the decimal frac*^, I shall now show 
that this is true^ whatever be the number of figures in the 
num' of the fi-ac** ; for example, that jq^qq = -0675, where 

there are four ciphers in the left-hand den^ and ioxxx figures 
aft;er the decimal point. 

For -«!^=-M- + J?2_+ * 



10000 10000 10000 lOOOO 

= 6^+ ' + « 



100 1000 lOOOO' 

and these, by what has just been shown, in last Article, 

= -06 + -007 + -0005 

= 6-hundredths -f 7-thousandths •\- 5-tenths of thousandths 

= •0675; 

675 
t. e, ^^^ ^ '0675, which was the required result. • 

Hence any frac**, having as a den' any power of 10, oao 
be immediately written as a decimal, by writing down the 
num' only, and so placing the decimal point that it shall have 
as many figures on its right-hand, as there are ciphers in 
the den' of the given frac**. And if the num' does not 
contain as many figures as there are ciphers in the den', — 
that is, as many as it is necessary to have after the point, 
the amount must be made up by placing as many ciphers 
between the point and the figures taken from the num' as 
shall complete the desired number. 

Thus, ?^ = 3-275 ,-3^ = -00743. 

' 1000 100000 



rzuBS tt 



In the latter Ex. I isii k aittieiHMit v foioe iw iif fc uA^ 
b^wecn the poHt wmd. mt 7 A. tt anife ^^ aoniMr <if 
figures to the neiK «f ttit pmc «ifBik » uie aoBL^iBr ^v* 
ciphers in the kA-haul itar. 

Obs. For the texre^ m ryinrTrrc id Deemak Fn^wsks. 
I shall use the sock- vocd XJbrrii'r ^ sai fcr Vci^iar 
Fraetioiis, tht wsmd FwmttitmM^ 

96. The pofthki of the <VhmiI pact decenuaes the 
value of ereiT figure hodi gd the lacbs and left cf il. that 
is^ both of the whole nmcbers asd the deebnab. Ther^> 
fore, to more the point to the ii«^t has the same elRe<t as 
moTing all the figures to the left ; and to move the point 
to the left, is equal to moving the figures to the right. 

Now, it has been shown ^92) that to move a figure one 
place to the left is to multq>hr it bv 10 ; there£)ie iC 
in any number containing a decimal point, I move 
the point one |dace to the right, I in reahtv multiply 
every figure in the number, and therefcHne the entire 
number, by 10 r similiriy, if I move the point to the left one 
place, I divide it by 10. Hence, if I wish to multiply a 
number containing a decimal point by 10, 10', 10"^, ^«, I 
move the point 1, 2, 3, &c. places to the right ; and if I 
wish to divide the number by 10, 10*, 10', &c., I move the 
point 1, 2, 3, &c places to the left. 

Ex. 3275-468. (Y) 

Moving the point two places to the right, the number 
becomes 327546*8 ; and it will be found that any figure has 
now 100 times the value that it had before. The 5 formorlv 
stood for 5 ones, or 5, but now for 5 hundreds, or 500 ; tho 
6 for 6 hundredths, or ^> but now for 6, or j^ X 100; 
that is, each figure has been multiplied by 100, mort^ly 
by moving the point two places to the right 
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Next^ let the point be moved three places to the left, 
and the number becomes 3*275468 ; and we then see that 
the 7, which in (Y) was 70, is now only JL, or JSL. 

^ ' "^ 100 1000' 

that is, has one-thoasandth of its former valae : so, also* 
the 3, which before represented 3000, now represents only 
3 ; hence it appears that the entire namber has been divided 
by 1000, merely by moving the point three places to 
the left. 



CASE I. 

97. In the use of Decimals we shall find it necessary to 
know how to convert decimals into fractions, and fractions 
into decimals. And it will be seen that there are two 
classes of fractions, one containing those which can be 
exactly expressed as decimals, and the other such as cannot 
We shall presently show the ground upon which this variety 
rests ; and in this Case shall treat of the first class, which 
includes all fractions which, when in their lowest terms, 
have as den'", numbers containing the figures 2 and 5 as 
their only factors. These may be called convertible frac- 
tions. 

98. We have seen that a frac" whose den' is a power of 
10, can immediately, by inspection, be converted into a 
decimal. Hence, to bring a fraction into a decimal, I 
must first, if possible, reduce it to a fraction with such a 
denominator. 

And since fractions can be changed into equivalent fir*" 
of different den", only by multiplying or dividing both 
num' and den^ my object will be to find some multiplier 
or divisor which shall transform the den' of any proposed 
fr° into the required form, 10, 100, 1000, &c. 
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Any den' which contains an equal nomher of hoth 2's 
and 6% will evidently contain as many factors 10, as 2 and 
6, and therefore be of the form 10, 100, 1000, &c. Take for 
example as a den' 2x2x5x5 =10 x 10 = 100 : and when 
a fir" with such den' is converted into a decimal, there will 
plainly be as many decimal places as there are 2*s or 5*s. 

Next, let the den' contain 2's only, or be a power of 2, as •§- 

3 

or — . Now, if I multiply both num' and den' by some power 

of 10, and divide both num' and den' by the original den' 
8, the resulting fi* will have a den' of the required form : 
but if the new num' can be divided exactly by 8, it follows 
that the multiplier must contain all the factors of 8, t. e, 
2x2x2; and since this multiplier contains only lO's, and 
each 10 contains one 2, therefore I must have three factors 
10 to contain the above three 2's ; i. e. my multiplier must 
belOxlOxlO= 1000. Using, then, this multiplier, and 
dividing by the 8, 1 have the whole process as follows : 

( 3000 \ 
. „„ -T33ry-iooo -^^ ^^^ 

and in dividing 3000 by the 8, it is found that the division 
will not terminate untU I have used the 3 ciphers, as was 

foreseen. 

We have just now multiplied num' and den' of ^ by 

1000 and divided by 8; that is, we have multiplied by 

!!??, or 125 : if, therefore, we at once multiply by 125, we 

ought to obtain the same result. The work would then be 



8 8x125 1000 " 



375. 



99. In working Exs. under this Case, a pupil should at first 
write out the operation as in line (A), omitting the ir° in 
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brackets; but in practice tlie work may be performed 
mentally, by the method of Short Division. 

Since S is a divisor, I commence as follows : — 8 in 3 
units gives no units ; I must therefore bring these units 
into tenths, and say, 8 in 30 tenths, which gives 3 tenths, 
and 6 tenths over ; and since 6 tenths = 60 hundredths, 
8 in 60 hundredths gives 7 hundredths, and 4 hundredths 
over, or 40 thousandths; 8 in 40 thousandths gives 5 
thousandths; and there being no remainder^ the division 
terminates: and collecting the three quotients, viz. 3 
tenths, 7 hundredths, and 5 thousandths, we plainly have 
^ = -375. 

In Simple Short Division, as soon as I know where to 
put the first quotient,! can write down the others in order; 
so here, as soon as I find the first quotient consists of 
tenths, I can place the other quotients without further 
consideration. But in determining the first quotient there 
is a liability to error ; for if a pupil takes the fr'^ -^, and 
begins to divide by 80, he may incautiously cut off the 
ciphers from divisor and dividend, as in Simple Division : 
but, by placing the fi* thus 

80 ) 3-0000 
•0375 

it will be found that if I cut off a cipher at the end of the 
dividend, I remove a figure which has no value ; whereas, to 
take from the 80 diminishes it tenfold : I must therefore 
say, 80 in 3 units gives as quotient units ; so also, since 3 
units = 30 tenths, 80 in 30 tenths gives tenths. Again, 
30 tenths = 300 hundredths, and 80 in 300 hundredths 
gives 3 hundredths; hence must be put as quotient 
under the tenths^ and 3 under the hundredths — ^the 
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remaining quotients will then fall into their proper places 

by mere Simple Division. 

100. If the den' of the fr^ be a composite number larger 

than 12^ we may perform the division by breaking the 

den' into factors^ and dividing by them successively. For 

example 

5 5 1-25 



32 8x4 8 

= -15625. 



(B) 



where the last fraction in (B ) was obtained by dividing by 4. 

A fraction whose den' has 5*s only as its factors^ must 
be reduced to a decimal by a process precisely similar to 
the one exhibited in (A) ; and the power of 10, which is 
to be used as a multiplier of num' and den', must, by 
the same reasoning as in (98), have as many factors 10 as 
there are factors 5 in the den'. 

Ex. -^, Here there are two factors 5 in the den'; 
therefore I shall have to multiply by 100, and divide by 25, 
or multipl}ing by ^, that is, by 4, 1 write 



= .12 or^ = (-^)=:^ = .12 

25 \5X5/ 5 



^ _. 12 

25 100 25 \5X5 



3 3 

101. Revertinff to the fr»^ -_, or - — - — - — - — , we 

^ 80' 2x2x2x2x5 

may see, that since four 2's have to be removed from the 
den', the power of 10, which is here to be the multiplier, 
must contain four factors 10, and the single 5 will also be 
cancelled out by one of the factors 5 in this multiplier. 
Hence we see that in this class of fractions, which we have 
called convertible, the multiplier required to convert such 
a fr^ into a decimal must have as many factors 10 as the 
larger number of 2's or 5's in the den'. 
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102. Coming now to what we may call the inconvertible 
fractions^ i. e. those which, when redaced to lowest terms, 
contain other factors than 2 and 5 in the den', we see at once, 
that since a power of 10 is the only multiplier which can 
render the den' of the required form; therefore any factors in 
the den'^ as 3, 7, 9, &c., which are not contained in 10 cannot 
he cancelled out, as the 2's and d*s were in (98) : hence the 
division, such as in (A), will not terminate. But since 
the successive quotients diminish tenfold in value every 
step, so that the eighth to the right of the point repre- 
sents hundredths of miUionths, we generally pursue the 
division till we ohtain 7 figures in the decimal, and then 
consider the remaining quotients too small in value to he 
much appreciated. 

Moreover, whatever he the factor which cannot he 
cancelled out of the den', we know that in dividing hy any 
divisor, the remainder must always be at least one less than 
the divisor: therefore if any divisor, as 7, be the factor 
which causes the division not to terminate, there can be 
but six remainders ; and hence, when 7 divisions have been 
performed, one of these six remainders must come over 
again, or recur: and if the remainder, which, of course, 
influences the dividend, recurs, the quotients will also 
recur, and we shall then have the same set of figures 
recurring, as it is termed. 

Ex. To convert -f into a decimal. 

Working mentally, as in (99), I have 

f = -857142857142, &c. 
where it appears that the figures 857142 will recur, to 
whatever length the division may be carried : hence such 
decimals are called Recurring Decimals, and the set of 
quotients which recurs is called a Period, If the period 
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consists of but one figure, that single figure is written with 
a dot ( * ) over it in place of the whole decimal; but if 
there be more figures than one, the period is written with 
a dot over the first and last of its figures. 

Thus, 5 = -857142 

L=:.333 or =3 

3 

i=-llll ori 



9 

3 

22 



£ = •13636 



or '13^ 

Obs. The places which are occupied by the figures to 
the right of the decimal point are often called decimal 
places. Thus, in the Ex. -f, we say that the division was 
carried to six places before the figures began to recur. — 
(See Appendix, Art. Circulating Decimals). 

The foUowing equalities are worth remembering. 

1=125 ^=-25 

^ = "^ 1=. 

5 2 

^=•625 

8 

4 =.875 x=-75 

8 4 

Their utility appears as follows: — if in converting a fraction to a 
decimal I have a divisor 8, and I come to the last figure in the dividend, 
one of the above equalities will enable me to write down the remaining 

quotients immediatdy. 

75 
Thus, if I have to I'educe ^- to a decimal. I find that after one quotient 

9 has been obtained, 3 is my last dividend; hence, since 3 -^ ^ = '375, 1 

75 
can write --- = 9*375, without performing the division for the last three 

o 

11*7 
quotients. SimD&rly, -— - = 1*4625, where the last three figures were 

o 

obtained, as before, by remembering the value of 5 -7* 8. So also, 

75 

— - = 18*75,— the last two quotients being written without dividing. 

4 
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CASE II. 

TO CONVERT TERMINATING DECIMALS INTO VULGAR 

FRACTIONS. 

103. It will be easily seen that a number expressed as a 
decimal can be immediately exhibited as a vulgar fi*action. 
For, since it has Been shown (95) that ^- = -0675, 
therefore we can reverse the process, and say that '0675, 
when converted into a fr**, becomes ^^ ; and the correct- 
ness of this conversion may be proved thus : 

•0675= ,4? + -r^+ ^ 



100 1000 ' 10000 

= (when reduced to l. c. d.) ^ ^ 

^ 10000 

- «^« (C) 



10000 



So also, 3-0275 = 3 + ~ -f ,— + -1- + 



10 100 1000 10000 

_ 30000 + 200 + 70 -f 5 _ 30275 ,j.. 
10000 10000 ' ^ ^ 

a fraction greater than 1, as might have been foreseen, 
because 3*0275 is partly a whole number and partly a 
decimal. 

Def. In a whole or mixed number, the part which is 
not fractional is called Integral, or an Integer. 

104. In (C) we observe that the num*" of the vulgar 
fr^ into which we have changed the decimal, before it is 
reduced to lowest terms, consists of the figures in the given 
decimal, excluding ciphers ; and the den' is 1, followed by 
as many ciphers as there are decimal places. 

But in (D), where a cipher occurs in the given decimal 
3*0275, it remains in the num' of the equivalent improper 
Sr^; and the den' is formed as before. 



73 

The abore fractioiis, oi course, mar be rednced to lowest 
tenns ; bat I hmre left them in their present shape in order 
to show the connectkm between the given decimal and the 
fractional form into which it eoold be conTerted br 
inspection. Reducing them, we hare 



25) j^ = *L ; and ?^ = 3 *^ = 3li. 

iUUOO 400 ' 14000 lUUOO 40O 

If the giren nmnber be partlr a whole nmnber and 
partly a decimal, we maj leave the integral part unaltered, 
and then the resulting fr^ will appear at once as a mixed 
number. Thus, 76-0725 = 76,^?- = 76]^. 



The £x8. in Case UL have been included in Case I. 



CASE IV. 

TO COHYEBT RECUBBIXG DECIXALS INTO VULGAR 

FHACTIONS. 

105. Though at first it may be thought that a non-iermi- 
nating decimal cannot be accurately represented by a fi* ; 
yet, since every recurring decimal is formed from one of 
that class of fractions which was discussed in Case II., 
therefore every such decimal can of course be made to 
resume the shape fiDm which it was derived: and the 
accuracy which was lost in the change from a fraction to a 
decimal is restored by this reconversion to the original 
fraction. 

106. Circulating Decimals are of two kinds ; one in 
which the whole of the figures repeat, as 

•363636 or -365 

and the other, in which some of the figures to the right of 
the point are not repeated. These figures, of course, always 
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stand to the left of the circulating part, because when a 
decimal once begins to circulate^ it continaes to do so. An 
Ex. of this kind is 

•754365365 or -75436^. 

The former kind is called a Pure, and the latter a Mixed 
Circulating Decimal. 

107. The best method of working Exs. under this Case 
will not be intelligible without an acquaintance with one 
or two facts in algebra. A letter of the alphabet may 
be used to represent a quantity^ the value of which we 
have to find, as in (73). Thus, I may let F stand for or 
represent the fraction which is equivalent to any circulating 
decimal ; and it is for me to ascertain the value of this F 
in any particular Example. 

Also, a number placed close to this F, and with no sign 

• 

connecting F and the number, is a multiplier of the F: 
thus, lOF, I^F, mean 10 times F, ^ times F, or |- of F ; and 
they have the same value as though they were written 
lOxF, |-xF. F repeated once is not written IF, as we 
should write Is., but only F. These multipliers 10, -§-, and 
1, are called coefficients. Moreover, since in the quantity 
lOF, F is the den**, and the 10 tells us how manv times F 
is taken, therefore just as the 7 in 7s. tells us how many 
shillings are taken, so I can add to this lOF, or subtract 
from it, any number of quantities of the same den", t. e. 
any number of times F. 

Thus, lOF + 3F = 13F lOF - 3F = 7F 

and 10F+ F = 11F lOF - F = 9F. 

1 08. I now proceed to find the fr'^ which is equivalent to 
any circulating decimal, as 

Ex. I. -36 or -363636 

Let F = -363636 (E) 



DECIMAL FRACTIONS. 75 

Now multiply both sides of this equatiou by 100, and 
the equality will not be disturbed. The left-hand side 
becomes 100 xF, or lOOF: the value of the right-hand 
side is found (90) by moving the point two places to the 
right, and the decimal then becomes 36-3636 

therefore, lOOF = 36-3636 (F) 

also, F = -363636 (E) 

therefore, subtracting (E) from (F) we have 

lOOF - F = 36 -h -3636 -363636 (G). 

Now, as in (46) we found the difference, first of the 
fractional parts, and then of the whole numbers, so here 
we find that the difference of the fractional parts is ; for, 
since both decimal parts commence alike and go on for 
ever, their difference is ; therefore line (G) becomes 

lOOF-F =36-1-0 
or, 99F = 36 

and transferring 99 into the right-hand den', we have 

F = ?? (H) 

99 ^ ^ 

11 

By obser\ing (H) we learn that the fraction which repre- 
sents the value of the circulating decimal '^6 has for its 
num' the figures in the period, viz. 36, and for the den', as 
many 9's as there are figures in that period. 

In accordance with this rule we may therefore, by 
inspection, find the value of any circulating decimal which 
contains only such figures as do repeat. 

Thus, .d =1 =1 

■ ,-7 147 _ 49 
an.1 147 = 9^ = 333- 
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109. Again, noticing (E) and (F) we see that the 
figpires to the right of the decimal point are the same in 
both lines ; and this result was produced by so multiplying 
both sides of the equation (E), that the point might be 
made to pass over one period ; in this case it had to be 
moved two places to the right ; that is, I had to multiply 
by 10x10, or 100. If the period had contained four 
figures, I should have multiplied by 10*, or lOOOO. I wiU 
take as an Example 

To express *22l6 as a fraction. 

Let F = -22162216 (I) 

therefore, lOOOOF = 2216-2216 (K) 

Subtracting (I) from (K), we have 

9999F = 2216; 

therefore, F := — — - : 
' 9999 

and it is plain that this result might have been written 
down at once by taking as num' of the required ft** the 
period 2216, and as den' a number consisting of as many 
figures 9 as there are figures in this period. 

110. We now proceed to convert a mixed circulating 
decimal into a fraction. The nature of the process is the 
same as in the last article ; but one step more is required, 
the reason of which wiU appear in the operation. 

• To convert -3271 6 into a fraction. 

Let F = -32715715 (L) 

Then, as before (109), carrying the decimal point over the period, or five 
places to the right — i. e. multiplying both sides by 100000, 1 have 

100000F = 32715-715 (M) 

It now appears that I cannot subtract (L) from (M), so 
as to get rid of the decimal parts, because the quantities to 
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the right of the point are not the same : but I see that I 
can veiy readily obtain another equation which shall have 
the decimal part the same as in (M) ; for if in (L) I 
multiply both sides by 100, i, e, move the point two places 
to the right, viz. over the non-recurring part alone, I shall 
have 

100F = 32-715715 (N) 

therefore, subtracting (N) from (M), I have 

lOOOOOF - lOOF = 32715-7 15 — 32 715715 (O) 

or 99900F = 3-2715 — 32; 

therefore, F = ^^^^~^^ (P) 

' 99900 ^ ^ 

___ 32683 
99900* 

111. In the line (0)1 learn that the larger coefficient of F 
has as many ciphers as there are figures from the point to 
the end of the first period ; and the smaller coefficient has 2 
ciphers^ i.e. as many as there are figures in the non- 
recurring part : also, when the subtraction is performed in 
the next line, the coefficient of F has as many ciphers as 
there were in this said smaller coefficient, i. e. as many as 
there are figures in the non-recurring part : and the 
remaining figures to the left are all nines, and as many in 
number as there are figures in the period. Hence, observing 
the right-hand side of (P), I learn that in converting a 
mixed circulating decimal into a fraction, I obtain as num', 
** the figures of the given decimal to the end of the first 
period — the figures in the non-recurring part ;" and as 
den^ as many figures 9 as there are figures in the period, 
followed by as many ciphers as there are figures in the 
non-recurring part. If there be an integer in the given 
recurring decimal, I may omit it while finding the value of 
the recurring part ; and afterwards by inserting it I shall have 
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the resulting fraction a mixed number ; or I may retain it 
throughout^ as in Ex. 11.^ and the result will be an improper 
fraction. 

I wiU write down one more Ex. of each kind of circulating 
decimals^ in the form in which they ought to be worked. 

Ex. I. Find the fraction equivalent to *63d. 

Let F = -639639639 (i.) 

multiplying by 1000, 

lOOOF = 639-639639 (ii.) 

Subtracting i.) from (ii.)} 

999F = 639, 

F_,639_213__ 71_ 
^^ 999 333 ur 

Ex. II. Find the fraction equivalent to 2*034^. 

Let F = 2.0345345 (iii.) 

multiplying by lOOOO, 

lOOOOF = 20345-345 (it.) 

Again, multiplying (iii.) by 10, lOF = 20-345345 (v.) 

and subtracting (t.) from (it.), 

9990F = 20345 - 20 

*v r T,__ 20325 6775 1355 

therefore, F ^ = = 

' 9990 3330 666 

= ^^% ; 

or omitting the integral part, as described above, I have 

p_ 345 _ 69 _ 23 
9990 1998 666' 
therefore, the entire quantity = 2^^^, as before. 



CASE V. 

ADDITION. 

112. Since we already know that quantities cannot be 
added together unless they be of the same den°^ so, in the 
addition of decimals^ we must take care to add tenths to 
tenths, hundredths to hundredths, and so on. And this 
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will be readily done, if we place all the numbers under one 
another, so that the decimal points are in a vertical row. 
By observing the Ex. worked below, we notice that the 
tenths are all placed under one another, as are also the 
hundredths, thousandths, &c. 

Ex. I. 732*416 Adding up the third row to the right of the point, 

•084 which consists of thousandths, I find that it 
•000007 23 

93*268 amounts to 23 thousandths, or , which 

2708-4153 ^ ^ ^ ^ ^^^^ 



3534*183307 =-— — -+ — - — = — - + -—-- ; I therefore put 

down the 3 thousandths, and carry the 2 hundredths 
to the next column, which consists of hundredths; and since this step is 
just such as would be performed in Simple Addition, it is plain that all the 
rest of the work may be performed by that Rule. 

113. But if in the quantities to be added there are 
circulating decimals, we may either, 1 st, convert into a fr° 
each circulating decimal, and having found the sum of all 
these fractions, reduce the result to a circulating decimal : 
or, 2ndly, (and this method is the better,) write down the 
recurring decimals at length, to as many places as will 
include twice the longest period ; observe where there are 
two vertical columns alike, though not necessarily close to 
each other ; commence the addition three or four places to 
the right of the second of these two similar columns, and 
complete the addition, as before : the sum found will be seen 
to be carried far enough to enable a pupil to detect the 
period in the answer. 

Ex. II. Find the sum of *714286 + *9285714 + 20*0925 + 5*464761§. 
Writing these at length, and working according to the above directions, 

I have 

▲ B 

•714285714285.... 
*9285714285714.... 
20*0925925925925.... 
5*4047619047619. ... 

27*14021164020 
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Here I observe that the first two similar vertical columns are the second 
and the eighth, marked (A) and (B). Commencing the addition at the third 
column beyond (B), I find that I have figures enough in the result to show 
that the sum of the given circulating decimals is 27*14021 16. 



CASE YI. 

SUBTRACTION. 

114. As Addition of Decimals was shown to be only an 
extension of Simple Addition, so Subtraction of Decimals 
is of the same nature with Simple Subtraction ; but we 
must take care how we subtract, when the lower line 
contains more decimal places than the upper. 

Ex, Find the value of 18-0426 - 2-005417. 

Placing the two quantities one under the other, so that the points are in 
a vertical row, we shall, as in Addition, have tenths under tenths, &c. 

As there are no figures in the 5th and 6th places in the upper line, I 
may place ciphers there, and since there are no figures to the right of 
these ciphers, the value of the decimal will plainly remain unaltered. 

A B 

18-042600 600 

2-005417 417 



16-036183 183 



If we now take the last three figures in each row as whole numbers, so as 
to form a Simple Subtraction Sum, we find the difference to be 183: so 
also, since the 600 and 417 in (A) both represent millionths, their 
difference is 183 millionths : similarly the 42 and 5 are both thousandths, 
and their difference = 37 thousandths : hence we see that if the subtrac- 
tion be performed in (A) as in a common Ex. in Subtraction, the result 
will be correct. 

1 15. If an Ex. in Subtraction contain circulating decimals, 
we must, as in Addition, write down the periods sufficient 
to contain twice the longest period, and commence the sub- 
traction about five places beyond the latter one of the 
two similar rows ; the remainder which will recur will be 
found to contain figures enough to enable us to detect the 
period. 
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Ex. Find the value of 24-407 — 5^1076973. 

Here, writing five of the periods in the upper line, and two in the lower 
line, we have 

34-407407407407407 .... 
5-98076973076973 



18-4266376766377 



The columns marked A and B are the first pair which are similar ; I 
therefore commence the subtraction at the fifth row beyond B : and 
the renuunder, which contains the circulating decimal, is evidently 
18-43463767. 

By observing the Ex. in Addition of circulating decimals, I find that the 
figures which should form the second period are somewhat below the value 
of those in the first period ; but by commencing with the addition a little 
more to the right, I should have figures to carry, as it is called, which 
would have made the second period correct as well as the first. So in the 
Ex. just worked in Subtraction, the figures which should form the second 
period are too large; but by commencing the subtraction a few more 
places to the right, the process of borrowing would make the figures of the 
second period quite correct. 



CASE YII. 

MULTIPLICATION. 



1 16. The rale for the multiplication of decimals is to be 
found by multiplying the vulgar fractions equivalent to 
any given decimals, and then observing the nature of the 
product so obtained. 

Ex. To find the product of 3*275 and 18*03. 



We have 8-275xl8-03 = ^ X ^^^ 



1000 100 
__ 3275x1803 _ 5904825 
100000 100000 



W 



From (Q) we learn that the product of the given decimals is a decimal 
fraction which has for its numerator the product of the given numbers 
treated as integers, and for its denominator 1, followed by as many ciphers 
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as there are decimal places in both the multiplier and multiplicand ; and 
such a fraction is of course immediately (95) convertible into a decimal, 
which shall have as many decimal places as this fraction has ciphers. 
Hence, as this Ex. differs from no other which contains only terminating 
decimals, we conclude that the product of two such decimals is found by 
multiplying them together as in whole numbers, and pointing off in the 
product as many places as are found in both multiplier and multiplicand. 

117. Also, if it be required to multiply together more 
than two numbers involving decimals, the same rule must 
be observed. For suppose that four numbers were given, 
whose product was required : the product of the first pair 
might be found, as above ; then this product and the third 
number might be multiplied ; and, lastly, this second 
product and the fourth number : and so on for any number 
of quantities; hence we may find the product of any 
number of decimal quantities^ as in the previous Example. 

Ex. II. Find the value of '0095 X 2-07 X 7*06 X •0081. 

TK. « ^ ♦ — 95 ^ 207 ^ 706 ^ 81 
The product = .^^^^ X r?:^ X -r^i- X 



10000 100 100 10000 
_ 95x207x706x81 _ 1124562690 



1000000000000 1000000000000 

=001124562690 

where the number of decimal places, viz. 12 = sum of the numbers of 
places in the four given quantities. 

118. Next, let the decimals to be multiplied together be 
either one or both of them circulating. These may be 
converted into equivalent fractions ; and then, after having 
multiplied them, we may ctmvert the product into a 
circulating decimal ; or the product of the decimals them- 
selves may be found by Simple Multiplication, provided 
that there be taken a sufficient number of figures to enable 
us to ascertain the period in the product. We will work 
two Exs. to illustrate both methods. 
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Ex. III. Find the value of '36 X75. 
By the first method I have 

4 

•3^X75 = ^ x75 =^ = 27-2727 

11 

By the second method, I write down the period three '363636. . . . 

times, so that there may be figures enough in the product 75 

to show its period. 1818180 

If a fourth period had been written in the multiplicand, '^^^^^ 

the figures carried from the multiplication of it would have 27*272700 
caused the period 27 to have been seen in the fifth and 
sixth decimal places in the product : and every additional period in the 
multiplicand would have produced one more period in the product : hence, 
since the number of periods, 36, in the multiplicand is unlimited, so also 
will be the number of periods, 27, in the product ; i. e, the product is 27*27. 

Ex. IV. Find the value of 37-S X9'l6. 

Upon working this Ex. by ordinary Multiplication, I find that even if I 
write down five periods in the multiplicand, and four in the multiplier, yet 
the product is such that the learner would hardly detect the period in it; 
and if the periods had contained several figures, the work would be exceed- 
ingly heavy; and since in such Exs. involving two or more recurring 
decimals, the former method is the better, I give it alone. I then have 

37-3x9-l6 = 37|x9i« by (111) 
= 37ix9i 

56 
_W^55 

■""3"^T 
3 

= 3^ = 342-2 



CASE YIII. 

DIVISION. 

119. In the Exs. under this Case, either dividend or 
divisor, or both, may be a decimal. I will give one Ex. of 
each variety. 
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Ex. I. Find the value of 37'5 -^ 84. 

Where, as in this Ex., the divisor is a composite number containing 
no prime factor greater than 12, we can divide by successive factors, as in 
(100); thus: 

^ f = -^ ]= 5:1?? = .44642857142, &c. 
84 [ 12X7 ; 7 ' 

= •446428571 

120. Also, since we have shown that by moving the 
point in any decimal from left to right, we in reality 
multiply that decimal by a power of 10; therefore if we 
have a decimal quantity as divisor, we can write the sum 

as afraction (^^j ..d remove the point so many 

^ divisor ' 

places to the right in both divisor and dividend as will cause 
the divisor to be a whole number. By this process we 
shall merely have multiplied both num' and den' of a ft** by 
the same power of 10. The remaining part of the division 
will be merely as in an Ex. under Case I.; and the 
position of the point will be determined as in that Case. 

Ex. II. Find the value of 7 16-343069 -f- 27-69. 

The quotient = '-^^^ = ^^^g^ = 258701 (R) 

and the correctness of this position of the point may be shown immediately : 
for throwing the 27*69 in the first fraction into the numerator of the right- 
hand side, I have 

716-343069 = 25-8701 x27-69 ; 

where I observe, that if I had to form the product expressed in the right 
side of the equation, I should have 6 decimal places in it, as I see to be 
the case in the left-hand side : hence it is clear that the point was rightly 
placed in the quotient 25*8701. And further, observing the left-hand 
fraction in (R), I see that by subtracting the number of decimal places in 
the divisor from that in the dividend, I obtain the number of places in the 
quotient. Hence we take it as a Rule, that the division should be 
performed as in whole numbers, and that there should be pointed off in 
the quotient as many decimal places, as the number in the dividend 
exceeds the number in the divisor. 
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121. If, however, the number of places in the dividend be 
less than that in the divisor, there must be appended as 
many ciphers to the dividend as shall make up the number 
of places in the dividend at least equal to the number of 
places in the divisor. If the dividend be a whole number, 
a point must be placed after the units' place, and then 
ciphers may be appended: and it is cleai; that these 
ciphers will not in any way alter the value of the dividend. 

Ex. III. 971-7 -2- •123. 

Here appending ciphers and working as in Simple Long Division, I 

have 

•123) 971.700 (7900 
861 

1107 
1107 



00 

and since the number of decimal places in divisor and dividend is the same, 
therefore the number of places in the quotient will be ; or the quotient 
will be an integer. 

Ex. IV. 62-5 -r -025. 

This Ex. I work in two ways; first, by removing the point three places 
to the right in numerator and denominator, as in (96) ; and secondly, by 
converting the given decimals into fractions, and performing the division 
by the usual method. 

62*5 62500 12500 



•025 


25 5 




= 2500 


or 62-5 — 

or .. .. =:= 
•025 


100 

625 . 25 __ 625 ^(5lE(lE( 
10 ' 1000 \0 25 




_ 62500 




25 




_ 2500, as before. 



122. If either or both of the given decimals circulate, the 
circulator may be converted into a proper or improper fr". 
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as the case may be^ and the division proceeded with as in 
fractions ; or the circulator may be left unaltered^ if in the 
dividend, and only the divisor be converted into a fi*, and 
the division then performed. 

Ex. I. Find the value of 75 -7- -14^. 

By (108) -148 = 1^ = ^ (in lowest tenns) 

therefore ^=^=I«^ = ?^ = 506-35. 

•148 4 4 4 

"27" 

Ex. II. Find the quotient of *96345 when divided by 3. 

3=1 = 1 
9 3 

therefore "^^ = ■222^ = (-96345345) . . . . X3 
'3 1 

3 

= 2*89036035.... 

= 2-89036. 

It has been stated in (114) and (121) that ciphers may 
be written after the last fig^ore of a decimal without altering 
its value : similarly, they may be cut off without affecting 
it ; and this is generally done, if the decimal resulting in any 
Ex. have ciphers at the end. Thus, in Art. 117, Ex. 11., 
I might have removed the cipher which is at the end of the 
final decimal ; only that a pupil would have thought that 
there were pointed off only 11 decimal places, instead of 
12 : but, by referring to the last vulgar fraction used in 
that Ex., I find that it might have been reduced to lower 
terms, by dividing numerator and denominator by 10 ; and 
there would then have been but 1 1 ciphers in the den'', and 
consequently 1 1 places in the decimal which follows. 
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CASE IX. 

123. This Case corresponds to Case XII. in Vulgar 
Fractions ; and merely requires that the decimal quantity 
should be reduced to successive lower denominations, until 
we have either no decimal part remaining, or until we 
reach the lowest denomination used. 

Ex. I. Express in positive terms *375 of £1. 

•375 of £1 = -375 X 20s. = 7-500 sh.; 

and ^sh. = -5 X 12d. = 6-Od. = 6d. ; 

therefore -375 of £1 = Ts. 6d. 
£ 
•375 The work may be written out thus : where it is plain that at 

the end of each successive multiplication I point off as many 

12 decimal places as there were in the preceding line, because 

--— there are no decimal places in the multiplier. 



It wiU be seen that in both the above operations I have omitted the two 
ciphers at the end of the decimal part in the shillings, for the reason given 
at the close of the last article. 

By using the equalities mentioned at the end of (102), and referring to 
the aliquot parts of different denominations given in C64), we might have 
worked this Ex. very briefly. 

Thus, '375 of £1 = I of £1 = 7s. 6d. 

Ex. II. Find the value of 7*14685 of 5s. 6|d. 

Here, since the concrete number is expressed in several denominations, 
I must either reduce the decimal to a fraction, or reduce the 5s. 6|d. to 
the fraction of a penny, and then perform the multiplication. 

fiy the second method : 

7-14685 X 5s. 6td. = 714685 X 66fd. 

= 7-14685 X 66-75d. 
= 477*0522375d. 
= 39s.9*0522375d. 
Antwer. = £1 198. 9-0522375d. 
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Just as in (63) I left the remainder as a fractional part of a penny, so 
here I leave it as a decimal fraction of a penny. 

124. If any circulating decimals occur in Exs. under this 
Case, we must reduce them to fractions, and proceed as 
before. 

Ex. III. Find the value of *j of £1 lis. 4d. 

•^of£l lIs.4d.=|of Slish. 

— 5^94, _ 470 ._ 156-666.... , 

=: — X -TT- sn. =2 - — -. 811.= sn* 

9 3 9x3 9 

= 17-4074074.... sh. 

and -407407 . . . .sh. = (-407407. . . .) X 12d. 

= 4-888884.... d. 

= •4-Sd. 

= 4|d. 
therefore -6 of £1 1 Is. 4d. = 17s. 4|d. 



CASE X. 

125. This Case is similar to Case Xni. in Vulgar 
Fractions. 

Ex. I. Reduce 4s. 6|d. to the decimal of a sovereign. 

In working this Ex. we shall first reduce the former of the given 
quantities to the fraction of the latter, and then convert into a decimal the 
vulgar fraction connecting the two quantities. 

48.6|d . _ 54|d. -- 109 --. 13-625 
1£ 240d. 480 60 

__ 2-270833.... 



or 4s. 6id.r=*22708iof£]. 



10 
= -227085 ; 
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MISCELLANEOUS EXAMPLES. 

126. The same remark applies to these Miscellaneous 
Examples in Decimals that applied to the corresponding 
Exs. in Fractions: and the only general assistance that 
can be given to a pupil is to show him the neatest method 
of performmg the operations required. 

Ex. I. B 3. Multiply £8 17s. 6d. by 75*25, and reduce the result to 
the decimal of £100. 

Here ( ^ 178. 6d.) X (75-25) _ £8^ X75-25 
£]00 £100 

_ 8-875 X75-25 

100 
= 667-84375 



100 
= 6-6784375 



E. II. C 1. B^uce ?^ of ^ X 3i« X ^-^^ to a simple 
quantity. 

Moving the point three places to the right in two numerators and in two 
denominators, and again one place to the right in the numerator and the 
denominator of the second fraction, the expression becomes 
131 

^M xJL X 5M X ^ - ^^^ 



i^l^l^ '^ WISI '^ 11 m'k 9X6X11X3 

9 6 

_ 11'90909... . 

9x6x3 

__ 1-32323232.... 

6X3 

_ ' 22053872053872. . . . 

3 
= 07351290684624, &c. 

Since a very large number of decimals is non-terminating, 
it might seem that vulgar fractions, which are always 
expressed in finite terms, would be preferable for every 
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purpose. But this is not the case^ for decimals have one 
advantage over fractions from the following consideration. 

In ascertaining the comparative value of two or more 
fractional quantities^ if they be expressed as vtdgar 
fractions^ it is necessary to reduce them to a c. d. ; but if 
they are represented as decimals, mere inspection will 
detect their comparative value, as readily as can be done 
in whole numbers. 

For example, if we have to compare -j^^, ^, ^, we 
cannot see which is the largest, and which the least, 
without reducing them to a c. d. : but if the quantities had 
been written in their decimal form, viz. 

•4666 ; -44; -46428671, 

we could see at once that the first is the largest ; the last 
one is the next ; and the middle one is the smallest : there- 
fore, in order of magnitude they are -py, ^i' "H"* Th® 
decimal form is more especially useM, when several 
fractional quantities are arranged in a table, and where it 
is requisite to be able to compare the different quantities 
at a glance. 



We may take as an Ex. the 
accompanying table, in which 
the numbers represent the 
comparative weights of equal 
bulks of different substances. 



Sheet Glass 3-33 

Plate Glass 2*5 

Marble 2-716 

Quartz 2*6 

Rock Salt 1-92 

Ivory 1-917 

Ice at 0<^ -926 

Water at60® I- 



Though the 5th and 6th numbers are very nearly equal, 
yet it can be seen at once that the 5th is larger than 
the 6th by three thousandths : as fractions, these quantities 
would have been written. Iff; and liVA ; and the 
difference could not be ascertained by inspection. 
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PRACTICE. 

127. Practice is a Rule which endeavours to show the 
readiest method of finding the cost of any number of 
articles at a certain price : and the work exhibited in any 
Ex. consists of a series of amounts such as a person would 
try to obtain, if he were working the question mentally. 

Thus, if I had to find the value of 56 lbs. at Hd. each, I 
should say, 54 at Id. = 54d. = 4s. 6d. ; and 54 at id. = 54 
halfpence = 27d. = 2s. 3d. : and therefore 54 at lid. 
= 4s. 6d. + 2s. 3d. = 6s. 9d. 

128. But if the number of articles had been much larger, 
or the price much greater, the value of them could not 
readily have been obtamed mentally: we therefore, in 
Practice, use the above method of mental calculation, but 
we write down the successive results, and find their sum 
for the final result. 

The Exs. to be worked under this Rule may be arranged 
as follows : — 

When the price is under a shilling, as 

Ex. I. 4108 at 7id. 

When the price is between Is. and £i, as 

Ex. n. 4103 at 7s. 5id. 
Ex. m. 6009 at 19s. 5id. 

When the price consists of more than £1, as 
Ex. IV. 7111 at £1 17s. 4id. 
Ex. V. 4013 at £12 7s. Oid. 

When there is a fraction in the given number of 
quantities, as 

Ex. VI. 6583 A at £1 19s. lljil. 



92 



PBACTICE. 



When there is a fractional part of a penny other than 
farthings, as 

Ex. VII. 4176 at £3 5s. 4 Ad. 

When the quantity, the price of which is required, con- 
sists of several denominations, as 

Ex. Vin. 91b. doz. 14dwt. at £10 15s. 6d. per lb. 

129. Mention was made in (64) of certain fractional 
parts of £1, Is., &c., which were termed aliquot parts of 
£1, Is., &c. It is advisable to have such parts of the 
denominations most in use familiarly in the mind ; but a 
pupil will find in Practice, that he has to take aliquot 
parts of many other quantities which are intermediate 
between such standard units as £1, Icwt., &c. : and 
nothing will render him expert in taking such aliquot 
parts as he will require, but a readiness in the treatment of 
fractions. 

The following are the most useful aliquot parts of £ I 
and Is., and should therefore be remembered. 



lOs. 


Od. 


^^ 




£ 


6s. 


8d. 


z^^ 




n 


os. 


Od. 


=r 




» 


4s. 


Od. 


^z 




99 


ds. 4d. 


^z 




» 


2s. 


6d. 


ZIZ 




» 


Is. 


8d. 


— 


•A 


)> 


Is. 


3d. 


:= 


iSr 


» 


Is. 


Od. 


— • 


sS 


» 



6d. = 4 sbiUiDK. 


4d. = i 


» 


3d. = i 


» 


2d. =1 


)) 


lid. = i 


» 


Id. =y, 


W 



In all cases we shall find, that where the price given is 
not an aliquot part of the unit of the next higher denomi- 
nation, it is necessary to split the price into two or more 
portions, of which the largest must be an aliquot part of 
this said unit, and the remaining portions are aliquot 
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parts either of this same unit, or of some one of the portions 
already ased in the Ex. 

Ex. I. 4108 at 71d. 

In this Ex. since the price 7|d. is not an aliquot part of Is;, I there- 
fore break up this price into three parts, 6d., lid., and id., of which the 
largest, 6d. = i of Is. the next higher denomination; the next, Ijd. is an 
aUquot part of 6d., viz. Jth ; and the last, id. is ith of IJd. Now, I know 
that 4108 articles at Is. each would cost 4108s. j therefore, 4108 at 6d., 
f. e. at ish., cost 4108 times Jsh., or i of 41088.: I therefore find the 
value of this quantity and write it down, viz. 2054s. So also, 4108 at 
Ijd. = 4108 at i of 6d., and therefore = ith of the value of 4108 at 
6d., which was found just before. Similarly, since id. = ith of IJd., 

therefore 4108 at id. = 
Ex. I. 4108 at 7}d. ith of the previously found 

4108 value of 4108 at lid. 

A price 6d. = ish. gives 
lid. =: iof6d. „ 
id. = jofljd. „ 

7|d. 2,0 



2054 Hence the sum of my three 

^1^ 7 amounts at 6d., lid., and id., 
— — — will be the total value, at 7|d. 

, ??5»? L The whole of the operations 

which have just been de- 
(See App. Art. Composite Divisor.) scribed are to be written out 

in the accompanying shape. 

In the second diyision, 4 being the divisor, I had to 
find the value of ^0548^ _ ^^^^^ _ ^^^^ g^ . ^^ 

generally, when as in (64) a number of shillings, or pounds 

is divided by a divisor, and a rem' is left, the fractional 

qaotient can be converted into positive terms at once, and 

more readily than by the usual method, in which the 

remainder is reduced to lower den'^, and the division again 

performed. But in the next line, where the divisor is 6, 

we have to take a sixth part of the 6d. as well as of the 

513 
513s., hence I have — ~- s. = 85is. = 85s. 6d. ; and this, 

6 
with the sixth part of 6d., viz. Id., becomes 85s. 7d. 

Though it takes a long time to explain these processes. 
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yet a pupil who is quick in working fractions will obtain the 
above results more readily than I can describe them, and 
much time will be saved by their use: but those who 
prefer the usual method of reducing the remainders, as in 
Compound Division, can of course adhere to it. The 
2653 in the result evidently consists of shillings; and 
from this Ex. we see that the highest denomination in 
the sum of all the separate amounts is the same as that of 
which we took the first aliquot parts. 

In breaking the price 
7s. 5id. into paits, we find 
that 28. is ^th of £1 , and 
not of the previous aliquot 
part 5s. ; hence, in dividing 
5| by 10, we must take as 
dividend, not the line 
corresponding to 5s. but 
the top line, 4103, which is the value of 4103 at £1 each: and in taking 
aliquot parts, we must always be careful to take as dividend, that line which 
expresses the value given by that coin or denomination of which we are 
taking an aliquot part. 

Obs. In this and the preceding Ex. I have written the 
denomination of which the aliquot part has been taken in 
every line : but for the future I shall generally omit the 
denomination when I am taking an aliquot part of the line 
preceding, but insert it when I am taking a part of some 
earlier dividend. 

Ex. III. 6009 at 19s. 5\d, This Ex. differs from the 

6009 preceding, only in having 



Ex. II. 4103 at 7s. 

price 5s. Od. =: i£ gives 

2s. Od. =tV^ » 

4d. =*of2s. „ 

Id. =iof4d. „ 

id. = i of Id. „ 


5id. 

4103 

1025 15 

410 6 

68 7 

17 I 

4 5 


8 
11 

5| 


7s. 5id. £ 


:i525 16 


Of 



A price 10s. Od. = l£ gives 
5s. Od. ^ I „ 
4s. Od. = i£ „ 

4d. =t'» 
Id. = i 
id. = i 



3004 10 the price above lOs. In 

1502 5 gych a case we always take 

^100 *3 *^ ** ^^ ^"* tihqviot 

25 Q 9 part; and the remaining 

5 5 2^ shillings and pence as ali* 

19s. 5id. £5839 19 llj quo* parts either of lOs. or 

• ' of any amount which hts 
been used in the course of the example. Sometimes it may happen that a 
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second aliquot part of £1 is taken, as in I6s. 8d., where I should take 
10s. = i£, and 66. 8d. = i£. 



Ex. IV. 7111 at£l 17s. 44d. 

7111 

3555 10 

1777 15 

711 2 



>» 



Price £1 Os. Od. gives 

lOs. Od. = i£ „ 
5s.0d. = i 
2s. Od. = l^J£ 
4d.=: i 

4d^ i 



n 
»> 



» 



£1 17s. 4|d. 



Here £7111 is the value of 
7111 things at £1 each; 
therefore, if I find the 
value of 7111 at 17s. 4|d., 
1 1ft in d ^ ^ ^® last Ex., and add 
14 16 3^ ^ ^^ ^P ^^ ^ £7111, 1 
£13 288 13 71 ^^^ obtain a correct re- 
— suit 



Ex. V. 4013 at £12 7s. O^d. 

4013 
_12 

A price £12 Os. Od. gives 

5s. Od. = i £ 
2s. Od. =^£ 

id.= ^of2s. 



48156 
1003 
401 

8 



5 
6 

7 



24 



£12 7 0\ 



Here, since £4013 

repeated twelve times 

gives the value of 4013 

at £12; therefore I 

must multiply the 4013 

by 12, and add the pro- 

duct as pounds to the 

other amounts obtained 

by proceeding with the 

7s. O^d., as in Exs. III. and IV. The last division, by 48, cannot of 

course be performed mentally : a pupil may obtain the result by Long 

Division, and merely write down the amount 

Ex. VI. 6583t% at W. lOs. llfd. 



£49568 18 2^ 



A price £1 



t'* 



of 1 



This Ex. differs from 
Exs. IV. and V. only in 
the presence of the frac- 
tion 1^. 1 therefore, after 
having proceeded with the 
sum, as though the i^ were 
not there, find the value 
of^^^ff atl/.19s. ll{d. t.e. 
of tS of (U. 19s. ll|d.) 
which, according to the 
method of Ex. IV. in (84) 
= £1 Is. 3jjd. 

The value of the ^s might also have been thus obtained : 

15 15^15 3^5' 

I might therefore have taken one- third and one-fifth of 1/. 19s. ll|d. and 
their sum would have amounted to U. Is. 34id., as before. 









gives 


65832. 


10 


= J£ 




3291 10 


5 


= J 




1645 15 


4 


= i£ 




1316 12 




10 = i of 5s. 


274 5 10 




1 =T^T 




27 8 7 




i= 4 




13 14 3i 




i= 4 




6 17 U 


19 


iu= 


. ... 1 1 314 




K »T — • • • • 


£1 


3160 4 2,V 



A price £3 gives 

5 = i£ „ 

1 — . 1 
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Ex. VII. 4176 at £3 5s. 4^rs^. The presence of the frac 

4176 tion ^d, is the only point in 

3 which this Ex. differs from 

12528 III. and IV. ; and just as we 

g Vz so this '^d, must be broken 

| = ,\jof4d. 3 9 7i "P ^^ such portions as 

i = ^,j of 4d. 3 9 7i will be aliquot parts of Id. 

£3 5 4^ £13657 5 2} viz. (VVj + t^j + T^r)d., or 

== ' 4d. + id. + id. 

If in this Ex. there had been a fraction at the end of the 4176, as in 
Ex. VI., we should have proceeded with it just as with the -j^ in that Ex. 

Ex. Vin. 91b. 3oz. 14dwt at dBlO 15s. 6d. per lb. 

Hitherto we have had the quantities whose value was 

required expressed all la one den° ; and we could therefore 

repeat the highest den'^ of the price, as for instance, £1, 

as many times as there were units in the given quantity, 

and then take parts of this highest den<^ for the remainder 

of the price. But in Ex. VIII. we cannot place 9 lb. 3oz.l4dwt. 

in the top line, and multiply it by £10, because the result 

would not be £10 repeated an exact number of times: I 

therefore place the £10 15s. 6d. in the top line, and 

multiplying it by 9, 1 obtain the value of 91b. at £10 15s. 6d. 

per lb.; and the value of the doz. 14dwt. will be found, by 

taking the same parts of £10 15s. 6d. that 3oz. 14dwt are 

of 1 lb. Thus working, 

£10 15 6 
9 

Value of 91b. Ooz. Odwt. is 

3 =iofllb. „ 

10 = I of 3oz. „ 

2 = i of lOdwt. 

2 =i of lOdwL 

91b. 3oz. 14dwt. = £100__5_11^ 

1 IL + J^ +1 +±)d. == ii±il±ii±l« d. 

\20 ^20^ 4 ^2/ 20 

= g-d.=2,V. 
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19 


6 


2 


13 m 




8 


111 




1 


9a 




1 


9U 
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But since 3oz. 14dwt = S^^oz. = 3t^oOZ' = t? 1^» = ttk lb., therefore 

12 120 

the Ex. may be written 9iVirlbs. at £10 15s. 6d. per lb.; and it is then 
similar to Ex. VI. 

130. In many Exs. similar in principle to those given 
above, a knowledge of fractions will enable a pupil to employ 
very brief methods of working ; as, for instance, if I had 
317 at 16s. 8d., T should say 

317 at 16s. 8d. = 317 at |£ = ^£ = 264i£ = £264 3s. 4d. 

o o 

Again, to find the value of 754 at 7s. 7d. 

754 at 78. 6d. = 754 at |£ = ^^ £ = 282i£ ; 

— jP282 15s. 
and 754 at Id. = 754d. == 62s. lOd. 

therefore 754 at 78. 7d. =: £282 15s. + £3 2s. lOd. 

= £285 17s. lOd. 

This method is especially worth notice in short Exs. 
Thus, 97 at 7jd. =97 X |sh. = 1|5 sh. = 60|sh. = £3 Os. l^d. 

We may also observe, that since the cost of 12 things at 
Id. each = Is., therefore that of 12 things at 3id. = 3ish. 
= 3s. 6d., and of 12 things at 7fd. = 7ish. = 7s. 9d.; i. e. 
if I have the price of one article in pence and a fractional 
part of a penny, the price of 12 articles will be expressed 
by the same figures as shillings and parts of a shilling. 

Hence also the value of any multiple of 12 things may 
be readily expressed as above, if the price of one be given 
in terms of pence. 

Ex. Find the value of 961bs. at lO^d. 

Cost of 12 lbs. at lO^d. = lO^s. = lOs. dd. 
therefore cost of 8xl21b8. at lOH =: 8x (lOs. 3d.) = 828. 

= £4 2s. 

With a little practice, such an Ex. as this might be 
worked mentally, more quickly than it could be written. 

K 
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APPLICATIONS OF PROPORTION. 



RULE O; THREE. 



The Articles marked thus (*) may be omitted by those who have not 
read Fractions. 

131.* In articles (65) to (77) the subject of Proportion 
has been fully discussed : and our business now is, to 
show how to work Exs., which are in reality only different 
forms of the question asked in (73), viz. If three numbers 
be given, what fourth number must be chosen, such that 
the four, when taken in order, shall be proportionals ? 

132. The Rule of Three is so called because in the 

questions given under this head there are three quantities 

proposed. These three numbers, when placed in order for 

working an Ex., are called term$. In using the expression 

first, second, and third terms, we intend to indicate the 

manner in which these three given quantities are arranged. 

Thus, if I were to write 9, 8, 24, as first, second, and third 

terms respectively in the sense here intended, I should 

have 

1st 2nd 3rd 

9 : 8 :: 24 

where the dots placed between the terms are sig^s which 
express the relation existing among these terms, so that 
with th^.m and the fourth term a Proportion is formed. 
When any three terms are properly arranged at the com- 
mencement of an Ex. in Rule of Three they are said to 
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form a Statement : and the question is said to be stated. So 
long as only three terms are contained in a statement, the 
question is said to be one of Simple Proportion : but 
sometimes more than three quantities require to be so 
arranged : the question is then said to come under the 
head of Compound Proportion, or, as it is sometimes called. 
Double Rule of Three. We shall not, however, enter 
upon this subject, till we have gone through all the 
applications of Simple Proportion. 

133.* Observing (73) and (74), we learn the following 
relations between the four terms forming any Proportion. 

1st. That the third and fourth terms are of the same 
kind, i. e. that the third term must always be of the same 
nature as the one required. 

2ndly. That the first and second must always be of the 
same kind ; and that they must be reduced to the same 
denomination, if they be not already so. 

3rdly. That the fourth term is obtained by multiplying 

the third term by the fraction - — ; or, if this operation 

be performed at two steps, we multiply by the second term, 
and divide by the first 

4thly. That if the second term be greater than the first, 
the fourth term will be greater than the third ; but if the 
second term be less than the first, then the fourth term 
will be less than the third. 

On /I 

5thly. That since the fraction --— is an abstract number, 
•^ 1st 

therefore the fourth term, which = , is of the 

1st 

same denomination as that in which the third was 
expressed. 

Collecting together these facts, we deduce the follow- 
ing Rule. 
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134. Rule. Find out the nature of the quantity sought 
by the question ; i. e. of the required fourth term. 

Of the three quantities given in the question, find that 
which is of the same nature as the fourth term, and take 
that quantity as the third term. 

In order to place the other two quantities in their proper 
situations, inquire whether, from the nature of the question, 
the fourth term will he more or less than this third term : 
if more, make the larger of the two remaining quantities 
the middle or second term ; but if less, make the smaller 
the middle term: the only remaining quantity must of 
course fill the first place. 

If the first and second terms be not expressed in the 
same denomination, reduce them till they become so : and 
if the third term consist of several denominations, reduce 
it to the lowest name mentioned. 

Then multiply the second and third terms together, and 
divide the product by the first: the quotient will be the 
answer or fourth term, expressed in the same denomination 
as that in which the third term was left. If this quotient 
be expressed in too low a denomination, [as, for example, 
1257 farthings, or 1836 dwts.,] let it be reduced to a higher 
denomination: [as £l 6s. 2id. and 71b. 7oz. 16dwts.] 

135. I will now proceed to work some Exs. which will 
illustrate the different varieties that may be expected under 
the head of Simple Proportion : and it will be found that 
the principal difficulty consists in arranging the three terms 
according to the directions prescribed by the Rule. This 
is especially the case, when the question is given in such a 
shape, that the three terms cannot be immediately obtained 
from the question as it stands. I will explain this more 

faify 08 1 go through the various kinds of Exs. When the 
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Statement is once obtained^ the remainder of the work 
consists merely of Multiplication, Division, and Re- 
daction. 

I recommend a pupil to work every question that I have 
worked, so that he may the better see the correctness and 
ascertain the object of the successive operations in any 
Example. 

Ex. I. If 12 yards of cloth cost £19, what will 8 yards cost ? 

Here I see that the required fourth term will be money ; I therefore 
place the £19 in the third term. Also, the fourth term, which is to be the 
price of 8 yards, will be less than the third term, which is the price of 12 
yards ; therefore, according to the Rule, I place the smaller of the two 
remaining terms, u e. the 8 yards, in the middle, and the 12 yards in the 
first place. 

The first and second terms are already 
'l2* . ^g*' .. lo i"* the same name, and the third term con- 

g tains but one denomination, therefore no 

12) 152 reduction is required. I now multiply the 

£12 1 3s. 4d. second and third terms together, and divide 
— by the first: the answer is £12 13s. 4d. 
And this fourth term and the other three terms form the following pro- 
portion : — 

12 yds. : 8 yds. :: £19 ; £12 13s. 4d. 

or in words, 12 yards are to 8 yards, as £19 are to £12 13s. 4d. 

Ex. II. If 17ewt 3qrs. 141bs. cost £8 18s: 9d. how much may be 
bought for £5 12s. 6d. at the same rate ? 

The fourth term will evidently be expressed in weight ; therefore 1 put 
] 7cwt.3qrs. 141bs.in the third term. I now ask this question : if the quantity 
in the third term can be obtained for £8 J 8s. 9d., will more or less be 
bought for the £5 12s. 6d.? evidently less ; therefore I place the less of the 
two prices in the middle, and the remaining one first. The first and second 
terms are not expressed in any single denomination ; I therefore reduce 
them to threepences, which is the highest denomination to which they can 
both be reduced. Also, since the third term consists of more denomina- 
tions than one, I reduce it to the lowest denomination mentioned, viz. lbs. 
After I have multiplied the second and third terms together, and divided 
by the first, the quotient is 1260, which consists of lbs., because the third 
term was expressed in lbs. This quotient, when reduced to higher 
denominations, becomes llcwt. Iqr. 

k3 
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£ s. d. 


£ s. d. 


cwt. qn. lbs. 


8 18 9 


: 5 12 6 : 


: 17 3 14 


20 


20 


4 


178 


112 


71 


4 


4 


28 



715 450 582 
= = \^ 

2002 
450 



100100 
8008 



715) 900900 (12601b8. 
715 



1859 

,|4)J 

4290 (7) 815 

4290 4145 



1430 28/^^*^ 



llcwt Iqr. 



I will now give a few Exs. in which the difficulty consists 
in preparing the question for being stated; but I shall 
merely show how to overcome the difficulty, and leave the 
question to be worked out as in the former Exs. 

Ex. IIL A bankrupt's effects amounted to £980 lOs., and he paid his 
creditors Ids. 4d. in the pound ; what was the amount of his debts ? 

At first sight there appear to be only two terms in this question, but the 
£1 furnishes another term. Now all the three quantities are money; but 
by reading the question thus : ** If Ids. 4d. be paid for a debt of £1, what 
debt will be paid by £980 10s. ?'* I learn that 138. 4d. and £980 lOs. are 
money paid, and the £1 is money owed, or debt ; and since the fourth term 
is debt, I place the £1 in the third term. Also, the debts which are 
paid by £980 10s. are of course more than this third term ; therefore I 
place the larger term, £980 lOs., in the middle, and 13s. 4d. in the first 
place. The statement wiU then be 138. 4d. : £980 10s, :: £1. The 
fourth term will be found to be £1470 15s. 

136.'*^ The four terms, arranged as a proportion, will be 

13s. 4d. : £980 lOs. :: £1 : £1470 15s. 

or, as two equal ratios — 

13s. 4d. _ £1 
£980 lOs. £1470 15s. 
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which, expressed in words, indicates that the payment, 
13s. 4d., is the same portion of the whole payment 
£980 10s., that the debt of £l is of the whole debt 
£1470 15s. 

137. Ex. IV. How much may a person spend in 73 days, if he wishes 
to lay by every year 50 guineas out of an income of £450 ? 

Since I wish to know how much may be spent in 73 days, I must 
ascertain how much is spent in one year : I therefore subtract the 50 
guineas, which are saved, from the whole income of £450 : Ihe remainder 
is £397 10s., and the question now becomes — " If in 365 days I spend 
£397 10s., how much may I spend in 73 days ?" The statement will be 







£ 8. 






450 


days. 


days. 


52 10 


fm 


: 73 :: 


397 10 



and the required sum will be found to be £79 10s. 

Ex. y. If the sixpenny loaf weigh 3 lbs. when wheat is 6s. per bushel, 
what should it weigh when wheat is 6s. 9d. per bushel? 

This seems a very simple question, but most pupils make an error in the 
statement; for, after correctly placing the 3 lbs. in the third term, — ^when 
th^ ask the question, as to whether the answer will be more or less than 
this term, they reason that if the loaf weigh 31bs. when wheat is at 65., it 
will weigh more when wheat is at 6s. 9d. ; whereas, since the wheat is 
dearer, we ought to have a less weight of bread for the same money : 
and the statement will be 

6s. 9d. : 6s. :: Slbs. 

V 

138. For the method of working snch Exs. as J 10, see 
Appendix, Art Proportion: and for such as S4 and T 1, 
see Art. Duodecimals. 

139.* I will now by a few Exs. illustrate the use of 
Fractions. 

Taking the statement already made in Ex. III., I have 

Fourth term =a»dx3rd^ (£980 lOsQx^l 

lit 18s. 4d. 
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fwben second and first are re- 



(waeo secona aua ursi are re-\ qanif > 
duced to a fractional part J t-^ 



/1961 3 



x.xf) 



£ 



_ 5^ ^ _ 1470|£ 
4 

= £1470 I5s. 
Again, in Ex. V. 

Fourth term = 5!l^^l^ = ^4? lbs. = %>^ == I lbs, 

6i8. 27^ ^X 3 

4 Sl3 = 2} lbs. 

Ex. VI. If 4}oz. avoirdupois cost Sf^s., what will 8||lbs. cost ? 

4Soz. : Siflbs. :; 8^8. 

Fourtbterm= ^Hlbs.X8i|s. ^ WXl6oz.XWs . 

4|oz. V^^* 

5 3 



-/Wx^x^^X Msh - 



15X287 

s. 



16 

8 ft 

= ^s. = 269^8. 

= £13 9s. 0|d. 
Questions wherein fractional quantities occur in the 
terms may also be worked by the use of Decimals ; but this 
is not an advantageous method of solving them, especially 
when some of the decimals are circulating. See Ex. IV. 
in (118). 

INTEREST. 

140. Interest is the payment made for the use of 
money for any time, and is generally reckoned at so many 
pounds a-yearfor £100 lent; or, as it is commonly called, 
so many pounds per cent. For instance, if £6 be the 
interest of £100 lent for a year, we should say that the 
money is lent at the rate of 5 per cent, per annum. 
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The sum lent is called the Principal ; the interest of 
£100 for one year the Rate ; and the sum lent> together 
with its interest^ for any length of time^ is called the 
Amount. 

When interest is paid only upon the sum originally lent, 
it is called Simple Interest ; but when at the end of any 
time agreed upon^ as for instance a year^ the interest is 
added to the principal^ so that this amount forms the 
principal for the next year ; and a similar addition is made 
at the end of every such period, then it is termed Compound 
Interest. 

141. The questions which occur in this Rule are merely 
Examples of Proportion. 

Ex. I. Find the Simple Interest of £382 10s. for one year at 5 per 

cent,; in other words — If a principal dClOO give JC5 interest, what interest 

will be derived from the principal £382 10s.? the statement will 

evidently be 

£100 : £382 10s. :: £5. 

Also, it will be found that every Ex. in Simple Interest 
will furnish a similar statement, in which we observe that 
the first term is £100, the second is the principal, and the 
third is the rate. 

We now multiply the second term by the 5, and divide 
by the 100 ; i. e. we*multiply by the rate and divide by 100. 
And in these Exs. we do not, as usual in the Rule of Three, 
reduce the first and second terms to the lowest denomina- 
tion expressed in either of them, but multiply by 5 and 
divide by 100, as in Compoimd Multiplication and Division. 
The sum, when worked in the usual form, stands thus : 

£100 : £382 IDs. :: £5 
5_ 

1,00) 19,12 10 
20 

2,50 
12 



6,00 Answer. £19 2s. 6d. 
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Here the division by 100 is performed by cutting off two 
ciphers at the end of the divisor, and two figures at the 
end of the dividend : and the remainder after each division 
is reduced^ as in Compound Long Division. I have written 
the 100 as a divisor, but in practice it is omitted. 

142. If the interest for any number of years is required, 
multiply the interest for one year by the number of years. 
Kfor any number of months or weeks, aliquot parts of the 
interest for one year may be taken, as in Practice : but if 
for any number of days, it should be found by Proportion. 

Ex. II. Find the interest of £175 for three years and 135 days, at 
five per cent. 

The interest of £175 for one year is £8 15s., and for three years is 
3 X (£8 15s.) = £26 5s. Now, to find what is the proportionate amount 
of interest for 135 days, we have this statement ; 

days. days. £ «. 

365 : 135 :: 8 15 

and the answer is £3 4s. 8f |d. : therefore the whole interest =: £26 5s. 
+ £3 4s. 8f |d. = £29 9s. %\\^. 

Under the head of Simple Interest may be included all 
questions generally classed under the heads of Commission, 
Brokerage^ and Insurance ; for all such quantities are 
calculated at a fixed rate for every £100. 

143. As an Ex. in Compound Interest we may take the 
following question : — 

What is the amount of £350 in three years at five per cent. Compound 
Interest ? 

Patting down only the results of the three operations, we have 

£ s. d. 

Principal of first year 350 

Interest of first year 17 10 

Amount of first year, and principal of second year. . 367 10 

Interest of second year 18 7 6 

Amount of second year, and principal of third year 385 17 6 

Interest of third year 19 5 10^ 

Amount at the end of third year 405 3 4^ 
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144.''^ Since in ( 141 ) we mnltipHed by 6, and divided by 
\0, therefore we might at once have multipUed by the 
lotion -po-> or -^V • that is, the operation of finding the 
terest might ha?e been performed mentally by dividing 
^ 20 : and this is generally done when the rate is 5 per 
ni,, but not otherwise. 

145. Questions may be found in Interest which involve 
me little difficulty^ because there do not appear at once 
jree terms out of which to form a statement Take for 
stance 

Ex; III. In what time wfll £76 12s. 6d. amoant to £99 168. 6d. at 
DT per cent per annum ? 

Here the interest gained is found by subtracting the principal, 
75 12s. 6d., from the amount, £99 168. 6d., and it = £24 48. Also, the 
terest of £75 12s. 6d. for one year at4percent.is £3 Os. 6d. Hence 
ttave this question : 

If £75 12s. 6d. produce £3 Os. 6d. in one year, in what time will it 
odnce £24 48. ? The statement is 

£3 Os. 6d. : £24 48. :: 1 year, 
id the fourth term will be found to be 8 years. 

Ex. IV. What sum will amount to £ 104 2s. 6d. in four years at 4^ 
T cent, simple interest ? 

I must here inquire what £ 100 would amount to in four years at 
t per cent. ; the answer is £118. The question is now, therefore, 

If £100 become £118, what sum will in the same time amount to 
104 28. 6d ? The statement is 

£118 : £104 2s. 6d. :: £100 

id the required fourth term is £88 4s. 9{{d. 

Ex. V. At what rate per cent, will £152 lOs. amount to £191 7s. 9d. 
six years? 

I have in this Ex. to find the interest of £100 for one year. Now the 
terest gained by £152 10s. in six years is £38 17s. 9d., or £6 9s. 7id. 
1 one year: bence the question now is 
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If £152 10s. gain £6 98. T^d. what will £100 obtain? The statement 

will be 

£152 10s. : £100 :: £6 9s. T^d. 

and the fourth term will be found to be £4 5s., i. e. the rate per cent, is 4^. 

HG."^ Questions concerning Annuities^ Leases, and 
Reversions involve applications of Interest; but they 
generally require for their solution either algebraical 
expressions or tables derived from these. The following 
Exs. are worth notice. 

Ex. VI. What must I give for *a fireehold, let for £225 a year, so as 
to have 4^ per cent, for my money ? Or in other words. 

If every £100 laid out bring £4), what sum wiU produce £225 ? The 

statement will be 

£44 : £225 :: £100 

and the fourth term = ^^^^ £ = !^!^l^xlOOX-| £ = £5000. 

4| ^ 

147.* Sometimes in speaking of the price of a piece of 
property, it is said that a certain number of years* purchase 
is given for it : this is the same as so many years' rental. 
Thus, if a field, the rent of which is £4, be sold for £100, 
we say that 25 years' purchase was given for it, because 
the price is 25 times the rental. 

Ex. VII. How many years* purchase should be paid for fineebold 
property to clear 4| per cent ? 

I must here see how many times a rent of £4^ must be repeated to 
produce £100, the price of the land which gives £4). 

This number =£^ = 100x|=^ = 22| ; the price paid is 
therefore said to be 22} years' purchase. 
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DISCOUNT. 



The reader will find that he cannot proceed bcjond this point, vitfaoot a 
uiowledge of Fractions. 



148. Discount is an allowance made by a creditor to a 
iebtor who pays a debt before it is due. When this 
lUowance is subtracted from the debt, the remainder, t. e. 
he sum that is paid, is called the present worth. 

Discount is calculated at a certain rate per cent, and in 
common usage is treated just the same as Interest: we 
hall, however, show that this is not strictly correct, but that 
he person who pays the money has thereby more than 
he just allowance made to him. 

For instance ; if £50 were due to me at the end of one 
'ear, but I were willing to allow a discount of 5 per cent, 
or ready money, then according to the common usage, I 
hould throw off the interest of £60 for one year, viz. 
S2 10s., and receive only £47 10s. But if I make a 
Teditor an allowance for payfDg ready money, I do so upon 
he supposition that I can place out to interest the ready 
Qoney which I receive, and together with the interest can 
aake up the £50 at the end of the year. Now, if I put 
>ut to interest £47 10s. at 5 per cent, I shall obtain 
s interest £2 7s. 6d., and therefore I shall in all receive 
S49 17s. 6d. : hence I lose 2s. 6d. by this arrangement. 
[*he real question now is — What sum put out to interest 
or a year at 5 per cent, will amount to £50 P Or — If 
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£100 will amount to £\06, what sum will amount to 
£50 P The statement will be 

£105 : £50 :: £100 (A) 
a^d the fourth term will be found to be £47 12s. 4fd. 

Also> the interest of £47 12s. 4fd. for one year is 
£2 7s. 7fd.; and this^ together with the principal = £50: 
and therefore I neither g^ain nor lose. 

By observing (A) we notice that the third term, £100, 
is the present worth of the first term, £105; and the 
fourth term is the present worth of the second term, £60: 
and in anj question where the present worth of a sum is 
required, the third term is £100; the first term is the 
amount of £100 at interest for the given time; and the 
middle term is the sum due. 

149. If the discount, and not the present worth, be 
required, we must place in the third term the discount of 
£105, viz. £5. But since the discount in the third term 
would generally require to be reduced to the lowest denomi- 
nation expressed, and the work be thereby rendered heayy ; 
it is therefore generally better to find the present worth, 
and then obtain the discount by subtracting the present 
worth firom the bill due. 

150. The most common form in which discount occurs 
is in the use of what are called Bills, which are stamped 
papers, bearing a written engagement to pay a sum of 
money at some certain future time. If such a bill be 
presented to a banker before it is due, t. e. before the time 
fixed for payment, and the persons who are responsible for 
this bill are considered able to meet it at the proper time, 
the banker will give ready money for it, retaining, however, 
the discount upon the sum, as his remuneration for the 
accommodation. 
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In practice^ as was said^ it is usual to charge interest^ 
and not discount : therefore the hanker gains hy the trans- 
action^ and the amount of this gain will he found to he the 
interest upon the true discount For if we refer to the Ex. 
in ( 148) we shall see that in discounting a hill of £50 due 
m six months^ the hanker would deduct £2 10s., t. e, the 
interest on £60 ; whereas he ought to have deducted onljr 
£2 7s. 4fd., which is the interest upon £47 12s. 7fd.; 
therefore the extra sum which he takes is the interest upon 
£2 7s. 4fd., or the interest Upon the true discount 

Though discount is not in practice correctly used, yet a 
pupil in working Exs. should always employ the true 
method. 

The hills mentioned ahove are said to he drawn upon 
the person or persons who agree to pay the money, and 
those who allow any such hill to he drawn on them are 
said to accept it : hence they are called acceptors, and the 
bill itself is called an acceptance. These acceptances are 
generally for any number of calendar months : but in this 
eonntry three days, called Days of Grace, are allowed after 
the bill is nominally due, before it is legally due ; so that a 
bin drawn on March 30th, at three months, would not be 
legally due till July 3rd. 

Ex. II. What does a banker gain by discounting a biU of £403 4s., 
dmwn Oct. 13, at four months, and discounted, Dec. 5, at 4 per cent? 
Here the biU is legally due on Feb. 16, and from Dec. 6 to Feb. 16 are 

73 days: 

£ i. d. 

The interest for that time. .=34 67*,^ 
And the true discount . . =340 



Therefore the banker's gain = 6^^d. 



ae 
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PROFIT AND LOSS. 

151. Profit and Loss is another application of Propor- 
tion. It is calculated at so much per cent.^ or at a certain 
per centage, and the general ohject of all Exs. under this 
head is, to find — ( 1 ) What per centage of profit or loss will 
result from selling an article at a certain price: — (2) At 
what price it must be sold, that there may arise a certain 
per centage of profit and loss ; the prime cost of the article 
being in both cases known. 

152. It will not be attempted to exhibit an Ex. of eveiy 
kind of question that might arise ; but a sufficient number 
will be given to show the principles upon which all the 
questions depend ; and the particular method of applying 
the principles of Proportion in each case must be left to 
the judgment of the pupil. 

Ex. I. If an article cost £2 78. 3d., and be sold for £3 3s. Od., what 
is the gain per cent ? — or, If £2 7s. 3d. become £3 Ss. Od., what will 
£ 100 become ? The statement is 

£2 7s. 3d. : £100 :: £3 3s. 

and the fourth term is £133 6s» 8d. Hence the gain upoii £100 is 
£33 6s. 8d.; or the profit is at the rate of 33| per cent 

Ex. II. If, by selling tea at 6s. 4d. per lb., a grocer lose & per cent, 
what was the prime cost per lb. ? 

Now, to lose.6 per cent is to obtain only £94 for erery £100 laid oat; 
hence the question is really this — If £100 be laid out, and £94 be 
received for it, what is laid out when 68. 4d. is reeeived ? 

Here, since £100 is prime cost, or buying price^and we want buying 
price in the fourth term, we hare this statement ; 

£94 ; 6s. 4d. :: £100 

and the fourth term, or prime cost of I lb. is 68. B|^d. 
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[II. At what price must I sell a commodity purchased at the rate 
ds. per cwt so as to gain 21 per cent. ? 

is Ex. it is required to receive £121 for £100 laid out; therefore 
i the selling price of that which cost £100; and since the fourth 
to be the selling price of Icwt., we have 

£100 ; £14 5s. :: £121 

required price is £17 4s. lO^d* 

I fdlowing Ex. iuvolyes the principles of I^xa, II. 

a. 

IV. A person, by disposing of goods for £ 182, loses at the rate of 
«at ; what should have been the selling price, so as to make a 
f 7 per cent. 

may work this question by two operations : first, find the prime 
id then from it find the selling price which would give a profit of 
mt. Since to sell at 9 per cent loss is to receive but £91 for that 
Oft £100, we have this statement: 

£91 : £182 :: £100 

answer is the prime cost £200. Also, to obtain a profit of 7 per 
to receive £107 for that which cost £100 ; therefore, to find the 
price of that which cost £200, we have 

£100 : £200 :: £107 

i answer is £214, the price at which the goods should be sold to 
per cent, profit. 

der to work the question by one statement, we may put it under 
m— If goods sold for £182 bring £91 for every £100 laid out, 
;ght (hey to be sold for, so as to bring £107 for every £100 ? 
we have die £ 100 laid out the same in both circumstances, and 
lerefore not affect the question: also, £107 is the price that should 
ved to make 7 per cent, profit ; and our fourth term win be the 
ich should be received : hence the statement is 

£91 : £182 :: £107; 

fourth term, or selling price, is £214, the same that was obtained 
5 former statements. 
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PARTNERSHIP. 

153. Partnership, or as it is sometimes called. Fellow- 
ship, is the Rule by which we determine how to divide 
profits, which arise from difierent sums of money put into 
a business by two or more persons, either for the same or 
difierent periods of time. 

Ex. I. Two persons enter into business as partners; one puts in 
£350, and the other £500 ; they gain £100. How is the profit to be 
divided ? 

Here the profit, £100, is made from the whole capital, £850 ; and each 
partner's share of the profit will be in proportion to his share of the 
capital: therefore the question divides itself into these two parts:— (1) If 
£850produceaprofitof£100,howmuchwill£350produce? (2) If £850 
produce £100, what will £500 produce ? 

The statements for these two questions will plainly be 



(1) 


£ 
850 : 


£ £ 
350 :: 100 


(2) 


850 . 


: 500 :: 100 



£ «. d. 

and the fourth term of (1) = 41 3 6W 

„ „ „ (2) = 58 16 6\^ 

and these together = 100 



Ex. II. A field of grass is rented by two persons for £27 ; the one 
keeps in it 15 oxen for ten days, and the other 2J oxen for seven days: 
find the rent to be paid by each, supposing the pasturage to remain equally 
good throughout ? 

Here it is plain that the keep of 15 oxen for ten days is the same as of 
ten times 15, or 150 oxen for one day : so also, of 21 oxen for seven days 
is the same as 7 times 21, or 147, for one day; therefore the question is 
plainly this : If one man turn into a field 150 oxen, and another 147, for 
one day, and they together pay £27, how is that payment to be divided? 

The whole number turned in would be 297, and the two statements 
would be similar to those in Ex. I., viz. 

297 : 150 :: £27 (I) 

297 : 147 :: £27 (2) 
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the fourth term of (1) = ^^if^^ £ = £13 128. S^d. 

11 

" " " ^^^ = '^llP =£13^78^^Ad^ 

11 
aodtheirsum = £27 



154. I will give one more Ex. which is the same iii 
principle as Exs. I. and II., but is more complicated in its 
operations. 

Ex. 111. On die 1st of January A brought into a business £350, and 
on the 1st of April £500 more: on the 1st of June he takes out £400 ; 
three months after diis he brought in £600. B brought into the business 
£500: four months after this he takes out £150; and on the 1st of 
November he brought in £050. At the endiof the year their clear gain is 
£1008. How much ought each to receive ? 

Here A put in £350 from January 1st to June 1st, or five months ; also, 
£500 from April 1st to June 1st, or two months : he has now in the 
business £850, but he takes out £400, leaving £450. This £450 is in 
firom June 1st to December 31st, or seven months. Also, he has £600 
in from September first to December 31st, or four months. Hence he 
has in all 

£ £ 

350 for 5 months, or 1750 for I month 
600 „ 2 „ or 1000 „ I „ 
450 „ 7 „ or 3150 „ 1 „ 
600 „ 4 „ or 2400 „ 1 „ 
Therefore he has in aU 8300 „ I „ 

Again, B brought in £500 from January 1st to May 1st, or four 
monliis: he now takes away £150, and has in £350 from May 1st to 
December 31st, or eight months. Also, he brings in £650 from November 
1st to December 31st, or two months. Hence he has 

£ £ 

500 for 4 months, or 2000 for 1 month 
350 „ 8 „ or 2800 „ 1 
650 „ 2 „ or 1300 „ 1 



Therefore B's capital is .... 6100 ,,1 

and A's capital was 8300 „ 1 

therefore the joint capital = 14400 „ 1 „ 



9t 
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Hence the two statements will be 

£ £ £ 

For A*s share 14400 : 6300 :; 1008 

ForB*s n 14400 : 6100 :: 1008 

and the fourth terms are £581 for A, and £427 for B. 

155. In this place we may introduce an Ex. of the 
following kind. 

Ex. IV. A wine merchant mixes together 20 gallons of wine at 128. a 
gallon, 25 gallons at 14s., and 36 gallons at 16s. : what should be the 
price of a gallon of the mixture ? 

Here it is plain that 20 gallons at 12s* are worth 240s. 

also n 25 „ 14s. „ 350s. 

and yy 36 „ 168. ,« 576s. 

and therefore that 81 of the mixture „ 11668. 

hence the value of one gallon is plainly -^th of the ralue of the whole; 

ol 

or, price per gallon = >—- s. = 148. 4|9d. 

ol 

156. The following Ex. shows how to divide a giyen 
quantity into parts which shall have to each other given 
ratios. It is upon the same principle as the previous Exs., 
though not commonly recognized as such. 

Ex. V. Divide 1065 into parts which shall be to each other in the 
ratio of 3, 5, 7 ; and also into parts which shall be in the ratio of i, |, \, 

Taking the former part of the Ex., we observe that 3 + 5 + 7 = 15 is the 
smallest integer which can be divided in the ratio of 3, 5, 7 ; hence the 
required portions of 1065 will bear the same ratio to 1065 that 3, 5, 7 do 
respectively to 15. The first portion is obtained by the statement 

15 : 3 :: 1065; 

aadthe fourth term = 213, Also, if 5 and 7 besnccetsiTely placed in the 
second term of the above statement, we shall find the remaimng portiimB 
to be 353, and 497. 

Similarly, in the latter part of the Ex. we st;e that _ -f- - 4~ ^ , or 

3 o 7 

35-4-21-4-15 71 

— ' ' — = — — is a fraction which can be readily broken up into 

105 105 J r 

fractions which shall be in the ratio of — , - , and ;. ; hence the required 

3 O 7 

portions of 1065 will bear the same ratio to the entire number 1065 that 
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- , - , and - , respectively bear to their sum 2_ ; we have, therefore, 

as the statement for obtaining the first portion 

— • — •• 1065* 
105 * 3 '• ^"^' 

5 

and the fourth term = i!^ X i X J~ = 525. So also the second 
and third statements will be 

"^m • 1 ■■■■ '*^' 

and the corresponding fourth terms will be found to be 315 and 335. 



STOCKS. 

157. The government of a country sometimes finds it 
necessary to borrow money ; and it gives to the lender a 
bond acknowledging the debt, and agreeing to pay a certain 
rate of interest for the money. The amount owing to those 
who hold these bonds is called the National Debt, or the 
Funds ; and the interest paid is derived from the income 
of the country, arising principally from taxation. 

The above-mentioned bonds are saleaUe, and are called 
Stock ; and they of course vary in value, principally accord- 
ing to the plentifulness or scarcity of money. 

Thus, suppose a person lend £100 to government, and 
receive an acknowledgment for it, with an agreement to 
pay £3 a year interest for the loan ; then, if at any time he 
wishes to sell the bond, and money is scarcer than when he 
lent the £100, he will get less lor it than he gave, perhaps 
£95 ; and if money be more plentiful, he will get more for 
it, perhaps £105. But stUl the bond represents an 
acknowledgment for £100, and £3 mterest is paid to the 
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bolder of it^ whatever may be the sum which he has paid 
for it. When, therefore, we say that 3 per cent stock is 
sellmg at 80, we mean that the buyer of £100 bond, or as 
it is called, £100 stock, has to give only £80 sterling for 
it ; hence, as he gets £3 interest for it, it is not £3 per 
cent, to him, but £3 for £80. From this it is plain that 
the lower the stock is in price, the better interest the buyer 
obtains : and the higher the stock is, the less interest he 
obtains for his money. 

When the market price of £100 stock is exactly £100, 
the stock is said to be at par ; if the price be more thaa 
£100, it is said to be at a premium; if below £100, at a 
discount. The smallest variation in the price of stock is 
one-eighth of £l, or 2s. 6d., for every £100 stock. 

158. Since persons who wish to sell stock may not know 
any who wish to buy, therefore all salens and purchases are 
transacted through agents, who are called Stock-brokers. 
The broker of the buyer deals with the broker of the seller, 
and each charges his employer, or principal, as he is 
called, a commission of -|-th of £ 1 for the transfer of eveiy 
£100 stock; so that a buyer must always consider that he 
pays -g-th per cent, more, and the seller that he receives 
-g-th per cent, less than the selling price : but if in any 
Ex. the commission be not mentioned, no notice need be 
taken of it 

159. In working the various questions that oeenr in 
Stocks, a pupil must be careful not to confound stock and 
actual money. Also, in buying or selling stock, it is quite 
immaterial whether it be 3 per cent., 4 per cent, or any 
other kind of stock, unless we wish to know the ineoms to 
be derived : for instance, if I have to sell out £100 stodL, 
when the price is 95, it matters not whether it be in the 
3, 4, or & per cents. : I have to receive £95 for every £100. 
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Ex. I. What must be giyen for £5050 stock in the Three per Cents., 
at85| per cent? 

Here the price of £100 stock is £85} ; and I have to find the price of 
£5050 stock : hence the statement will be 

£100 : £5050 ;: £85} 

Mnltiplyins by 85$, after the method of (84), and then dividing by 
100, we have the annexed operation, in which we find the cost of £5050 

stock at 85| = £4811 8s. 9d. 

£ 

5050 
85} 



25250 
40400 
fi, or i of £5050 = 1262 10 
i of £5050 = 631 5 



1,00) 4311,43 15 
20 



8,75 
12 

9,00 

Next, let ns find what amount of stock any given sum 
will buy, when the price of £100 stock is known. 

Ex. IT. How much stock can be bought for £1490, the price being 
88|, and commission \ per cent ? 

Adding the commission to the market price, we have the cost to the 
buyer 88|, or 88^. The term sought is amount of stock; and in the pro- 
posed question £100 is the stock to be bought by £88^ : we have 

therefore 

£88^ : £1490 :; £100 

and the fourth term, or amount of stock bought by £1490 is 
£1663 12s. 3|}d. 

Ex. III. If a person invest £2000 in the Three per Cents, when they 
are at 95), what is his annual income therefirom ? 

In this case the buyer gives £95) for £100 stock, i e, for the privilege 
of receiving £3 interest : hence the question is, — If £95) produce £3 
interest, what will £2000 produce ? Our statement is 

£95) : £2000 :: £3 

and the fourth term, or interest of £2000, will be foiyid to be 
£62 16s. 6iS{fd. 
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£x. IV. Find what per centage will be obtained bjr investing in Uie 
Three and a-half per Cents, at 91 : or, in other words, — If £91 give £d|, 
what will £, 100 produce ? The statement is 

£91 : £100 ;: £3| 

60 
and the fourth term = ?iXlOO^ _. |^ X^j^ _ ^^^^ . ^^ ^^^ 

13 
ferring the 100 from the left-hand numerator to the right-band denomi- 
nator, I have -I- = -~ • 
' 91 100 

Observing this equation, I notice that the right-hand side gives the ratio 
of the interest of £ 100 to £ 100; and the left-band side gives the ratio of the 
interest on £100 »tock to the price of that stock. Now, in finding the prr 
centage which any interest produces, we wish to know what is the ratio 
of the interest on £100 to £100 ; and since the right-hand fraction gives 
this ratio, therefore the former fraction also gives it : hence this firactioB 
gives a standard, by which we can compare the value of the per centages 
derived from any two investments in different kinds of stock. Thus, if I 
wish to know whether it will be more advantageous to invest in the Four 
per Cents, at 95, or in the Three per Cents, at 85, 1 must compare the 

fractions — and - • 
95 85 

« //tn\ .V j-n- . 4 X 85 — 3 X 95 340 — 285 „ 

By (50), the difference is 95 ^ q^ — = ^y^^ • H«"^» 

4 3 
since 340 > 285, therefore -- > ^7 ; or an investment in the Four per 

Cents, at 95 will produce better interest than in the Three per Cents, at 85. 

160. We will now give an Ex. combining two or more of 
the operations exhibited in the previous Exs. 

Ex. y. A person transfers £1000 stock from the Four per Cents, at 90 
to the Three per Cents, at 72 ; find how much of the latter stock he will 
hold, and the alteration made in his annual income. 

The first part of the question may be thus expressed : <* If a certsin 
sum of money will buy £ 1000 stock at 90, how much can be bought when 
the stock is at 72 ? " The statement will be 

£72 : £90 :: £1000 

sr— 
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To find the income derived from the £1000 stock and ft-om the £1350 
stock, two simple statements might be employed : but where, as in this 
case, the stock consists of £ 100 shares, we can work more briefly thus : — 
£1000 stock ^ 10 cents. ; and since each cent produces £4, the whole 10 
produce £40. Also, £1250 stock = 12]^ cents.; and since each cent of 

25 75 

this stock produces £3, the whole produce I2i X3£ =— -X 3£ = -- £ 

2 *t 

:= £37 10s.; hence the difference of the incomes from the two investments 

= £40 — £37 10s. = £2 10s. 



EQUATION OP PAYMENTS. 

161. If a person owe another several snms to be paid at 
different times^ and it is required to know at what time it 
would be just to pay the whole at one payment, this 
would be a question to be solved by a Rule called Equation 
of Payments. 

To ascertain the method of finding this time of payment, 
called the equated time, let us take a simple Example. 

Ex. I. If £ 100 he due at the end of six months, and £200 at the end 
of twelve months; find when it is just to pay the whole in one sum. 

It is quite clear that the time of payment will be at some period 
between the two fixed times, six months and twelve months ; hence the 
former sum, £ 100, will be paid after it is due, and the latter sum, £300, 
before it is due. 

Now, a person keeping the £100 beyond the appointed time ought, of 
course, if that were the only money to be paid, to pay interest for it; 
but, instead of paying interest, he is to make up for the privilege of keep- 
ing the £100 by paying the £200 before it is due ; it is hence quite clear 
that he must pay this £200 such a time before it is due, that the interest 
of the £200 for that time shall just balance the interest he might obtain 
by keeping the £100 after it was due. The question then really is — How 
soon will the interest upon £200 produce the same as the interest upon 
£100? The answer evidently is, in half the time: i.e. the time of paying 
the £200 must be earUer than its original time of twelve months, by half 
as much as the time of paying the £100 is later than its original time of 
six months; therefore, if the payer keep the £100ybMr months beyond 
the six months, and pay the £200 two months sooner than the twelve 
months, the interest gained in the one case and lost in the other will be 
just balanced ; and the whole sum will have to be paid in ten months. 
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162. Puttdng the question in another form, we may 

consider that when the sums were to be paid at different 

times, the payer had the £ 100 in his hands six months, i. *. 

he had the interest of £100 for six months, or of £600 for 

one month : also, he had the interest of £200 for twehre 

months, or of £2400 for one month ; therefore he had in 

all the interest of £2400 -f £600, or of £3000, for one 

month. If, then, the debtor has to pay the £300 in one 

sum, how long ought he to keep it, so that its interest 

shall equal the interest of £3000 for one month ? The 

answer to this question will be obtained from the following 

statement 

£300 : £3000 :: 1 month; 

and the fourth term will be ten months, the same result as 
before. 

163. The truth of the above method has been disputed by 
arithmeticians upon this ground. Referring to the above 
Ex., it is said, that since the £100 is paid after it is due, 
the payer should pay the interest for the time that it is 
kept back : but since the £200 is paid before it is due, 
discount only should be allowed thereon : and since the 
discount is less than the interest, it is said that the payer, 
by the above method, receives as much more than his 
due as the interest of £200 exceeds the discount ; hence, 
to make the payment perfectly correct according to this 
view, we ought to place the payment earlier than ten 
months. But since we have shown, by the working of the 
Ex. given above, that the interest gained in one case and 
lost in the other is equal, we shall, by placing the time for 
payment of the £300 earlier, rob the payer in two ways — 
1st, by depriving him of the interest of the £100 during the 
latter part of the four months that he ought to be allowed 
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to hold it: and 2ndly^ by making him put the £200 into 
the hands of his creditor for a longer time than two 
months. 

The fallacy of the reasoning which would place discount 
instead of interest in the question may be shown thus. It 
is here assumed that discount^ not interest^ is applicable to 
all cases where money is to be paid before it is due. Now^ 
this is quite true where only one payment is to be made ; 
for in that case we have laid it down, that the debtor is to 
pay such a sum as put out to interest shall just amount to 
the sum due : therefore, in all cases of discount the debtor 
pays less than he owes. But this is not the case in 
Equation of Payments : for here the creditor receives the 
whole of the latter portion of the debt (say £200) though it 
be before it is due, and he can put the whole out to interest, 
which he cannot, in real questions of discount ; and the 
question now is, — not how much must be put out to interest 
to raise the £200, — ^but how long must the whole £200 be 
put out, to raise an amount of interest equal to that which 
the creditor has lost, by allowing the first payment (say 
£100), to remain in the debtor's hands beyond its time. 
The question considered in this view has been satisfactorily 
answered in the Ex. worked above. 

Ex. II; A person owes J£800 ; £200 to be paid in three months, £100 
in four months, £300 in five months, and £200 at six months : if the 
whole were to be paid at once, what would the tune of payment be ? 

Here, by the agreement, the debtor has the interest of 

£ £ 

200 for 3 months, or 600 for 1 month 

also of 100 „ 4 „ or 400 „ 1 „ 

also of 300 „ 5 „ or 1500 „ 1 „ 

lastly, of 200 „ 6 „ or 1200 „ I „ 
800 3700 



therefore he has altogether the interest of £3700 for one month ; and the 
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whole sum to be paid is £800 : hence, we have to find in how many 
months £800 will produce as much interest as £3700 in one month. The 
result is obtained from the following statement : 

£800 : £3700 :: 1 month; 

3700 

and the fourth term ^ X 1 month = 41 months. 

800 ' 

In the statements which are used in Exs. I. and II. we 
observe that the third term is one month : hence, since this 
will in every Ex. be the third term, we shall merely have to 
divide the second term by the first, in order to obtain the 
fourth term : also, the first term is the whole amount due ; 
and the second is the amount of all the several sums, when 
each one is multiplied by its time of payment. 



COMPOUND PROPORTION. 

164. It was observed in ( 132) that a question was classed 
under the head of Compound Proportion, when there were 
more than three quantities which required to appear in the 
statement. The following is an Example. 

Ex. I. If 12 yards of cloth, 3 quarters wide, cost £19, what will be 
the cost of 8 yards, 5 quarters wide ? 

If the width of the two pieces of cloth were the same, we should take 
no account of this width, whatever it might be : and the question would 
then become Ex. I. in (135), or one of Simple Proportion. Referring to 
that Ex. we have the statement 

12 yards : 8 yards :: £19 (B) 

„ , ., ♦ c^u 8yds. X£19_8X 19^ 

and the cost of the new piece ^ -^.^ , = -^ — £. 

^ 12 yds. 12 

We will now take into account the two breadths, 3 qrs. and five qrs. 

8 X 19 

and put the following question — *' If a piece of cloth cost — ^—- £ , when 

3 quarters wide, what will it cost when the width is 5 quarters ? '* The 
statement would be 

3 qrs. : 5 qrs. :: ^-j^ £ (C) 
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and the fourth term = «-^» £ X ^-^ = ^-4y^^£. 

12 3 qrs. 12 X 3 

Now, if the whole of statement (B), and the first and second terms in 

(C), be converted into one statement, as follows — 

12 yds. ,_ 8 yds. .. ,9^ (u) 
3 qrs. 5 qrs. 

and we take the product of the two quantities which stand first, as our first 
term, and the product of the two in the middle, as our second term, we 
should have 

the fourth term = S yds. X 5 qrs x 19£ ^ S X 5 X 19^ 

12 yds. X 3 qrs. 12x3 

which is precisely the same as was obtained firom the two successive state- 
ments : hence such a statement as (D) will produce a correct result. Also, 
in forming this statement, independently of (B) and (C), I select for the 
third term that which is similar to the required fourth term, as in Simple 
Proportion: and in placing the remaining terms, I take each pair 
separately, and ask the usual question with the third term, as to whether 
the answer will be more or less Uian this term ; and I arrange this pair pre- 
cisely as though they were the only two terms which 1 had to consider. 
However many pairs of terms occur in the question, they must all be treated 
in like manner ; for the same proof that has shown how to combine the 
first and second statements, will show how to combine the third with the 
result of the first pair. 

I will work another Ex., and mention the mental 
operations which must be performed, in order to enable 
me to place each pair of terms correctly. 

Ex. II. A field, 300 yards long and 280 broad, was ploughed by six 
horses in two days of eight hours each; how many horses will plough a 
piece of ground 500 yards long, and 315 broad, in three days of ten 
hours each ? 

The fourth term will be horses : 1 therefore place the six horses in the 
third term. Also, the new field 

is longer than the one which 300 yards 500 yards 

required six horses: hence, con- 280 yards 315 yards ,, 6horsM 

sidering (he e^ct of this pair of 3 days 2 days 

terms alone, it will require more 10 hours 8 hours 

horses, and I place the larger 

term, 500, in the middle : so also the second field is broader than the first, 
and therefore will take more horses, and I place 315 in the middle. Again, 

M 3 
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the first field was ploughed in two days, but the new one ia three days ; 
hence, since the time is longer, we shall, so far as this pair of terms is 
concerned, require fewer horses; and the smaller term, two, is to be in the 
middle. Also, in ploughing the first field, the days were eight hours, but 
for the second field they are ten hours ; hence, with this extra time, fewer 
horses will be required, and I place the eight in the second place. The 
whole statement is as annexed ; and 

the fourth term = ^^J^ ^^L^ V \^ ^ ho,«« 

=: 3 X 2 horses = 6 horses ; 

precisely the same number as before : t. e. the increased size of the field f 
and the increased length of time allowed for the work, are so balanced,- 
that the same number of horses as before is sufficient* 

In arranging the several pairs of terms in the statement 
I seem to be trying at one time to obtain a smaller term, 
and at another time a larger term than the third ; and it is 
true that some conditions of the question tend to make the 
fourth term less than this third, and some to make it more : 
each pair will produce its o¥m effect in increasing or 
diminishing the required term ; and we shall therefore find 
the result more or less than the third, according as the 
conditions in the question which would make it more, 
predominate, or not, over those which would make it less; 
i, e. according as the product of all the terms in the second 
place is more or less than the product of all in the first 
place. 

It must be carefully observed, that if any pair of corre- 
sponding terms be not expressed in the same denomination, 
they must be so reduced, just as in Simple Proportion, 
before we commence forming the fraction which will give 
the fourth term. 
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165. Exchange^ in its simplest meanings is merely the 
conversion of any sum of money from the coinage of one 
country to that of another. To perform this conversion, 
we must of course know for how much a certain coin of one 
country can be exchanged in coins of another : for instance, 
if I wish to exchange a sum of English money for French, 
I must know how many of the current coins of France, viz. 
franc9, will be given me for £ 1 of English money. This 
standard of Exchange between two countries is called the 
Course of Exchange, but it is not always the same ; and we 
shall presently show the cause of the variation. 

Ex. I. Exchange £850 sterling for francs at 25 francs 15 centimes, 
or cents ; or, in other words, — If £. 1 sterling can be exchanged for 25 
francs 15 cents, what number of francs can be obtained for £850? To 
obtain this number, I have the following statement : 

£1 : £850 :: 25 francs 15 cents. 

Also, since 100 cents make one franc, therefore cents may be expressed a» 
decimal parts of a franc ; t. e. 25 francs 15 cents := 25*] 5 francs; 

u *u r -*u * £850 X 25-15 - 
hence, the fourth term ^ —- francs 

= (850 X 25-15) francs 
= 21377-5 francs 
or 21377 francs 50 centimes. 

Ex. II. How many pounds sterling can be obtained for 8457 marks 
15^ schillings, Hamburg, at the rate of 13 marks 12 schillings for£] 
sterling ? The statement is 

13 mks. 12 sch. : 8457 mks. 15^ sch. : : £ 1 

By Tables of Hamburg Coinage, we find that 16 schillings =: 1 mark : 
hence, reducing the first and second terms of the above statement to half 
schillings, we obtain by the usual process the fourth term ^ £615 2s. 6d. 

166. The method of these two Exs. will enable us to 
convert any sums from the currency of one country to that 
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of another, when the course of exchange between the two 
countries is known. But we must also be able to perform 
this conversion between two foreign countries. 

Ex. III. Change 1932 florins at Amsterdam for ducats at Naples, the 
course of Exchange being 80^ florins for 40 ducats. The statement is 

80^ florins : 1932 florins :: 40 ducats, 
and the fourth term wiU be found to be 960 ducats. 

We now proceed to explain a further and more com- 
prehensive meaning of the term Exchange. 

In commercial transactions between different countries 
it is not usual to pay for goods imported, in coin, or as it is 
sometimes called, in specie or bullion : and for two reasons 
— ^first, the quantity of foreign goods imported by a country 
like England is so great, that if paid for in coin, the pay- 
ment would speedily drain all the coin out of the country, 
and business could not be carried on. Secondly, there 
would be the probable loss of the coin by wreck or other- 
wise in the transmission ; besides that there would arise a 
loss of interest on the money while it was being sent to its 
destination. 

We shall now show how these difficulties maybe avoided, 
when we are dealing with countries which send goods as 
weU as receive them, i. e, which export as weU as import 

167. The following is a simple Ex. of the manner of 
conducting these transactions. 

Suppose A and B to represent two merchants in America, 
and C and D two others in England : let C buy of A a 

thousand pounds worth of goods, and 
therefore owe him £1000: so, also, let 
B owe D £1000 by a similar purchase; 
then, if these sums be paid in coin, 
£1000 must cross the Atlantic twice. 



A B 

AMERICA. 
BNOLAND. 

C D 
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But^ since C has to pay £1000 to A^ he would as readily 
pay it to D in England^ if by such payment he could get 
rid of his Hability to A : so also B would pay A^ if he could 
be rid of his debt to D. This simple transaction mighty 
therefore, be completed thus : 

Let C send A a bill acknowledging the debt of £1000, 
and promising to pay £ 1000 to any one in England who 
may present the bill to him at the expiration of a certain 
time : A then sells to B this bill, and, receiving £1000 for 
it, has no longer any claim upon C. B now sends this 
bill to D, and D uses it as a bill for £1000, until the 
expiration of the time named on the bill, when the money 
is paid by C. Thus these four merchants have been able 
to have commercial dealings to the amount of £1000 each, 
without any coin having left either country. 

Of course the value of this bill for £1000 depends 
entirely upon the ability of C to meet it, that is, to pay the 
money at the expiration of the time agreed upon in the 
bill : and we often find that C, who was considered able to 
pay at the time he gave the bill, has become a bankrupt 
before the time of payment ; hence the loss falls on D. 
And this explains the reason why, in a commercial country 
like England, the failure of one merchant, or firm, causes 
others to fail : for, in the case above, D may also be liable 
for bills as weU as C ; and if not able to obtain the money 
which he expected from C, may himself become a bankrupt; 
and so in turn cause other merchants the same loss which 
he is himself suffering from the failure of C. 

Now, there are thousands of merchants in the situation 
of A and B in America, and similarly of C and D in 
England. Hence there are, as a general rule, merchants 
wanting to buy bills, and others wanting to sell them, in 
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both countries : and what has been said concemmg 
England and America is trae with respect to any two 
countries which export to and import from one another. 

These purchases and sales of bills are, for the reason 
mentioned in (158), conducted through the medium of 
Bill-brokers. 

168. We have just now been supposing that the two 
countries have imported and exported goods to an equal 
amount from one another. But suppose that goods had 
been sent from America to England to a greater amount 
than from England to America, for instance, to the extent 
of £1,000,000, then more bills to that amount would go 
from England to America than from America to England. 
The merchants in America have in tMs case plenty of bills, 
and of course want money for them : but as there are more 
persons wishing to sell bills than to buy, therefore the bills 
fetch a lower price r on the contrary, as bills in England are 
not so plentiful, there are more buyers than sellers, and the 
bills fetch a higher price than usual. When this increased 
price exceeds the cost of insurance and loss of interest 
upon coin sent over to America, the English merchant 
prefers sending coin instead of paying the increased rate 
for a bill : and by successive exportations of bullion, the 
balance of £1,000,000, which was against us, will be paid 
off: but this increased price of a bill, (which swallows up 
the profits of business,) or the alternative of paying in coin, 
causes merchants to be slow in importing until our exports 
have increased and helped to restore the balance. Here, 
also, whatever has been said concerning England and 
America, is of course equally applicable to any two countries 
which have commercial transactions with each other. In 
those countries, as South America, where gold and silver 
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are amongst their principal productions, bullion is as much 
a regular article of export, as woollen or cotton goods would 
be from England. 

169. If the price of a bill in England, entitling the 
holder to receive gold in a foreign country, be less than the 
usual course of exchange, the exchange is said to be in 
fiivour of England. 

DsF. The state of the exchange between any two 
countries at any particular period is termed the Par of 
Exchange, or the Arbitration Price : also, a Bill on London, 
means a paper entitling the holder to obtain gold in 
London to the value of the amount mentioned in the bill. 

Arbitration is called Simple, or Compound, according as 
there are three or more places concerned. 

Ex. IV. Bills on Amsterdam, bought in London at 12 florins 14 cents 
per £ sterling, are sold in Paris at 57^ florins for 120 francs : what is the 
nte of Exchange between London and Paris ? 

My object here is to express £1 in terms of francs. Working fraction- 
alljy I have 

£1 = 12 florins 15 cents 

also, 57^ flor. := 120 francs 

120 
therefore 1 flor. = -—- francs 

574 
and therefore £ I := 12 flor. 15 cents 

= 1215 florins = ^^'If X 120 ^^.^^^ 

57i 

The process may also be represented as follows : 

£1 = 12-15 florins (E) 

and 57i flor. = 120 francs (F) 

therefore, taking the product of the two quantities in the left-hand of (E) 
and (F), and the corresponding product of the two on the right-hand, we 
have 

£1 X 574 flor. = 12*15 flor. X 120 francs ; 
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or, dividing both sides by 57 ^ flor. 

« J _ 12*15 flor« X 120 francs 
~ 57i flor. 

= 12:15 XJI20 f^^^^ ^,y (gg^ 

57i 
= 25 firancs 35^1 cents. 

Observing equations (E) and (F) I notice that I commence (E) by 
placing on the left-hand side the standard coin of one of the two countries, 
the arbitrated price between which I wish to find : also the left-hand side 
of (F) is expressed in the same coin as the right-hand of (E) ; and in like 
manner we must proceed with any number of equations, till the right-hand 
side of the last will be expressed in the coin of the second of the two 
countries which we wish to connect, as in the following question. 

Ex. V. A bill upon Hamburgh is bought at 13 marks 10^ schillings per 
£ sterling, then sold at Amsterdam at 35| florins per 40 marks : if the 
proceeds are then remitted to Paris in French bills at 57^ florins per 120 
francs, what rate of exchange is there between London and Paris ? 

£1 = 13m. lOi sch. = 13*^ marks =: I3|im. 

40 m. =35} flor. 
57i flor. = 120 francs 
therefore JCl x 40 marks X 57^ flor. = ]3|^ m. X 35} flor. X 120 francs; 
and dividing both sides of the equation by the product, 40m. X 57^ flor., 
we have 

JEI = I^IJP'- X 35} flor. X 120 francs 
40m. X 57iflor. 
^ 13nx35}xj_20 gg 

40 X 57i y : \ J 

= 25francs55^f|f} cents. 

We will just give an Ex. of the form in which the state 
of the exchanges between England and other countries is 
generally reported in the public prints. The following is 
from the Times of March 22nd, 1848, under the head 

Money Market and City Intelligence." 



(( 



'* The last quotation of gold at Paris was about 30 per mille premium, 
which would give an exchange of 25*91. The last quotation of short bills 
on London being 26*50, the price of gold would appear to be about 2^ per 
centr higher in London than in Paris.*' 



EXCHANOK. 133 

Here a comparison is instituted between the nominal rate of exchange 

of £1 for francs, and the real rate at the particular time mentioned. 

Thus, if 1000 represent the price of gold in Paris when £1 sterling is 

worth about 25*15 francs, what will be the value of this £ 1 in francs 

when 1030 represents the price of gold in Paris ? We have, of course, 

this statement : 

1000 : 1030 :: 25*15 francs 

the fourth term =: 25*90 francs 

that is, £ 1 will in Paris produce 25*90 francs. But a person in Paris 
wishing to buy a bill on London, entitling him to receive £1 in gold, 
most give 26*50 francs. The difference, *6 francs, is the amount by 
which £1 sterling in London is dearer than in Paris. 

Also, since 26*50 francs = £1, 

therefore 1 franc := -rrrr-.^' 5 

26*5 

«dthi.ext«priceof£l=-6fr.= -6^^£; 

and therefore of £100 it = 100 X '6 -1- £. 

26*5 

= ^ £ = ]4 £ = 2*26 . . . . £ 
26-5 5*3 

or 2|£ nearly. 

That is, the price of gold in London is 2^ per cent, greater than in Paris ; 
or a bill which would entitle a person to receive £100 in gold in London 
would cost £ 102i in Paris. 
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AREA AND VOLUME. 



Fxo. I. 




DUODECIMALS. 

J 70. If any line be taken, as ab, and upon it a square, 
abed, he described, this figure may be called 
the square of a b. And if we take a 6 as au 
unit of length, viz. 1 inch, 1 foot, &c., then 
abed is called 1 square inch, 1 square foot 
&c. We have here, therefore, inches, feet, 
&c. of length, or linear inches ; and inches, 
Sec. of surface, or superfieial inches, or square inches. 

Fio.2. 171. In like manner, if upon ab, 

the annexed figure abede/ he de- 
scribed, having six sides, or surfaces, 
each equal to abed, it is called a 
eube : and, as before, if a 6 be taken 
as representing 1 inch, 1 foot, &c., 
this figure will represent 1 cubic 
inch, 1 cubic foot, &o. 
We have now, therefore, three kinds of units of measure- 
ment, viz. linear or common inches ; square, or super- 
ficial inches; and cubic, or solid inches. Also, these 
three units are said to contain 1, 2, and 3, dimensions 
respectively. For example, the floor of a room, having 
the dimensions length and breadth, is of the same nature 
as a square, and any such surface is called an Area : but a 
cistern of water, having the three dimensions of length, 
breadth, and depth, is of the same nature with a cube. 
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The quantity contained by such a cistern or similar figure 
is termed its Volume, or solid content. 

Def. a surface which is so enclosed by lines that any 
two which meet in a point are perpendicular to one another, 
is called rectangular, 

Obs. Any surface bounded by straight lines may be 
denoted by two letters placed at its opposite comers ; and 
any solid contained by such surfaces may be so denoted : 
but the two letters employed should not be joined together 
by aline. Thus, in Fig. 1, I should say the area bd, not 
ac ; and in Fig. 2, 1 should say, the volume /<;, not ae, 

Def. The lines ac, ae, are called diagonals, 

172. I have now to explain how to find the area of 
surfaces and the volume of solids : but as I do not propose 
to enter upon mensuration generally, I shall merely treat 
of rectangular surfaces, as squares and oblongs ; and of 
solids, the surfaces of which are also rectangular. 

173. Quantities which can be accurately represented by 
numbers, whether whole or fractional, are called commen- 
surable ; and those which cannot be so represented, are 
called incommensurable. Thus, it will be shown under the 
head of " Square Root," that if in Fig. 1 the length of a 6 
be represented by 1, ac cannot be accurately represented 
by any number whatever, whether whole or mixed. The 
quantity used for the value of ac is 1*4142. .. . and this 
being nearly the true value, is termed its approximate 
value. 

174. We may here state as a fact, that the area of any 
rectangular surface is found by multiplying the numbers 
which represent its length and breadth ; also, that the 
Tolume of a solid, bounded by rectangular surfaces, is found 
by multiplying together the numbers representing the length. 
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breadth, and depth, or thioknees. The abOTe statements 
are true, whether the lines bouDding the area or Totome 
be commensurBte or not ; but they cannot be proved to be 
unirersally tme without the aid of geometry. We shall, 
however, give an Ex. illustrating the correctness in each 
case, choosing of coarse only commensurable nomberB. 
179. Let ABCD be a rectangular figure whose sides, 
j^^ ^ AB and AD, meeting in the point 

^ ■ b o B "^^ '^^ called adjacent sides, con- 
tain an exact number of units, — 
jix.AB = 4 inches,^!) = 3 inches: 
let the opposite sides, AB, CD, be 
divided into four equal parts in 
a, b,c, and the sides AD, BC, be 
divided into three equal parts, in d, 
e; let the lines aa, bb, ec,dd, ««, be drawn: the figure will 
he divided into equal squares, each of which has for iu 
side I linear inch, as J a, and is therefore a square inch. 
Also, counting vertically, there are three rows of squares, 
because AD ^ 3 inches, and each row contains four 
squares, because AB = 4 inches : and there are in all 12 
squares, i.e. 3x4 squares : hence we see that the number 
of square inches in the area ABCD = the product of the 
number of linear inches in the two a^acent sides, AB,AD. 
Dkf. The lines aa, b b, which are drawn so that they 
are at an equal distance from one another, are called 
parallel lines ; so also they are said to be parallel to AD 
or BC. 

Hence, if 1 wish to draw lines, as aa, bb, or cc, in the 
above figure, I should say — throngh a, b, c, draw lines 
parallel to AD or BC. So also, dd, ee, are drawn 
parallel to ^fi or Oi). 
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If AD had been =z AB, then the figure would have 
been a square, and the number of square inches in it 
= 4 X 4, or 4' = 16 ; t. e. the number of square inches 
in any square figure whose side is expressed in linear 
inches, is found by multiplying the number contained in 
the side by itself. Hence the second power of a number 
is called its square, because it represents the area of a 
square figure, the side of which is the number itself. 

We can now show how the numbers mentioned in what 
is called " Square Measure," are obtained. 

For if 12 linear inches := 1 linear foot, 

therefore 12 X 12, or 144 square inches =1 square foot. 

So also, since 3 linear feet = 1 linear yard, 

3 X 3, or 9 square feet -=■ 1 square yard. 

Again, 5| linear yards = I linear pole, or perch ; 

therefore 5\ X ^h ^^ ^v square yards = I sq. perch. 

and these square perches, yards, &c., are the quantities 
always made use of in measuring land ; for no amount of 
perches in length could make up an acre which consists of 
surface. 

176. In measuring surfaces, such as square feet, of 
timber, many arithmeticians have called a twelflh part of a 

square foot, as Ad or Ab, an inch, 
. J. and a twelfth part oi Ad, viz. Aa, 



I I I I I I I I ! I I Ij a part : but since a pupil is taught 

in " Square Measure " that Aa is 
an inch, and that 144 such inches 
make up a square foot ; it is clearly 
absurd to call Ad an inch, seeing 
that 12 such make up a square foot: 
we shall, therefore, confine the name 
inch to A a, or any quantity equal to it. But the divisions of 

N 3 
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AC have been, and maybe, called superficial /?rt«ii««, seconds, 
thirds, &c. ; where it is to be remembered, that a prime 
is xV^^ o^ ^ square foot, and each succeeding denomination 
is iV^ ^^ ^^ ^^® preceding it. So also, linear inches are 
sometimes called primes, and twelfths of an inch, seconds. 

The square inch, Aa, might also be divided, exactly as 
we have divided A C; and its twelfth part would be called a 
third, and be similar in shape, though not in size, to Ab 
or Ad ; and the twelfth part of this third would be called 
SL fourth, and be similar in shape to Aa, 

Also, observing Fig. 4, we learn that 

1 foot X 1 foot = 1 sq. foot, as AC. 

1 foot X 1 inch = 1 sup. prime, aa Ab. 

1 inch X 1 inch = 1 sq. inch, or sup. second, as ^a. 

177. It must be distinctly noticed that we do not 
multiply together concrete quantities, as feet by feet, inches 
by inches, &c. ; we merely multiply the number of feet or 
inches in the leng^ by the nwnber in the breadth ; and 
then we observe that the number obtained in the product 
is equal to the number of superficial units, primes, &c., in 
the area contained by the above length and breadth. The 
same remark applies to the multiplicatiou of three dimen- 
sions, in finding the volume of a solid. 

Attention to this fact, that concrete quantities cannot be 
multiplied together, will save persons from the absurdity 
of attempting to multiply pounds, shillings, or pence, by 
pounds, shillings, &c. I can multiply 5s. by the number 
6, and the product is 25s. ; but if I multiply 5s. by 5s., I 
know of no quantity which can correspond to such a 
product. And in considering (73) it must be noticed, 
that though in the practice of Rule of Three I appear to be 
multiplying the third term by the second, which is generaUjr 
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a concrete qusntity, and tfaeu diridiiig bj the first term, 
which is also generally a concrete quantity ; yet, since the 
concrete multiplier and divisor are of the same kind, 
the result is that I liare merely muldphed by a fraction, 
i. e. by on abstract number, generally fractional ; and the 
common process has been, that I have multiplied the third 
tann by the numerator, and divided by the denominator of 
this fracdon. 

178. We can now find the area of any rectangular 
figure contuned by commensurable lines. 

Fio. b. Let ADCB be » rectan^u' figure, 

A > b c E B nf whicb tbeside JJl = 4ft. 6iii., and 
tbe adjacent tide ^i> = 3 It. 3 in. Let 
AB be divided into feet in tbe pointt 
a, b, c, E, aioA AD m divided in the 
pcrints d, e, F, Draw a/, hg, ch,E k, 
parallel to AD or BC; and draw dm, 
tt,Fo paraUel to AB or DC, according 
to (175). Then tbe wtanle area AC = 
AG + BO + D'3 + CG. 

tad AG = ABXAF=: ifi-X^tt. =12 m-tL =13 

BG = £BX£G= 3ft. x6in. = 18»Bp.pr.=: 1 6 

DG = FOxFD= 4ft,x3iii. = i28up.pr.= 10 

ce = ao xeit= «in.x3tn. = 16 iq.in. = I 6 






= 14 
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179. Observing these four resultt, we may place the 
work in a condensed form, as annexed : 

Since our proposal wai to find tbe product of 4ft. 6in. by 3lt 3iD., we 

place one number under the other nearly as in Compound 

111. u. I. Multiplication, and commence mnltipljiog tbe upper line bj 

IL ia. tbe lowest denominatioa in the lower line, and so on through 

4 6 tbe multiplier. I gite the operations which are required ti> 

3 3 peilbnn the work mentally, observing that eacU product u 

~~l I 6 it it formed can be reduced to the next higher denomination 

13 6 bj dividing It by 13. 1 commence at the right-band and 

U T 6 proceed thus: 3 x 6 = 18, which, divided by 12, gives 

" ' ■ I to carry to column (n.), and 6 to put down ; 3 X 4= 12, 
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for column (ii.)> which, with the 1 carried, is 13, and divided by 12 gives 
1 to carry to (iii.)} and 1 to set down in (ii.). Again, commencing with the 
multiplier 3 feet, I have 3 X 6^ 18 in (ii.), which divided by 12 gives 1 
to carry to (in,), and a remainder 6 for (il) : lastly, 3 X 4 = 12 for (in.)) 
which, with the 1 to carry, becomes 13. Adding the two rows, I have the 
result 14 sq. ft. 7 sup. primes, 6 sq. in. ; or, bringing the primes to square 
inches, I have 14 sq. feet 90 sq. inches. 

Comparing the operations of this article with those of 
the last, I notice that the steps which produced the first 
product of the multiplication sum in (179) are the same as 
the third and fourth in (178) ; and those which produced 
the second product are the same as the first and second in 
that article. Hence in Exs. similar to the one now worked, 
we need not draw any figure to insure the correctness of the 
work obtained by the multiplication in (179). This mode 
of working is called Cross Multiplication, and sometimes 
Duodecimals, The latter name is given in iDonsequence of 
the work of such an Ex. being precisely the same as in 
Simple Multiplication; provided that, in working from 
right to left, we take every figure as having twelve times the 
value which it would have one place to the right, instead 
of ten times that value, as in common numbers. 

The above Ex. may be very briefly exhibited in a 
fractional form. 

Thus, the area = (4 ft. 6 in.) X (3 ft. 3in.) 
= (4J) X (3i) sq. feet, 

= |x^sq.ft. = lll8q.feet, 

=: 14| sq. ft. =: 14 sq. ft. 90 sq. inches, 
as before. 

180. Next, let one or both of the adjacent sides of any 

rectangular figure, whose area is required, consist of feet, 

inches, and twelfths of an inch; we must then further 

divide a square inch as we divided a square foot in (176) : 

and we then learn that 
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1 inch X I'l iiicb = ^,(fe af a, sq. iaeh, or 1 nper. third ; 
■ff ineh X -^ ioeli ^ tIi mptf- iaeh, or 1 raperficul founta. 
We can now, without fbitfaer explaualinn, follow die 
work of the occompsnyiug Ex. 

Fiad Ok ■« of a rectangular floor, whereof (be Ungth U 9 feet 4 inches 
T aeconda, and the breadth jfeet 6 iDcbei 4BecoD(li. 



4 7 



4 6 10 11 

ai 10 4 4 



The Ugbc^ daHmuudon, Al, in tlUt prodnct hat 
ptiDctpallj beoi ohtajncd froin the moltipliealion of 
5 feet and 9 feet, and b therefare square ket; ud the 
remainiog dcBOBinalioiii are iDpcrficial piiiii«i,«ecaiidi, 
thirdj, fonrthi ; and the whale amwer is written 

A! >q. feet lOiop. pr. 4kc Otldrd* 4roarthi. 
181. We have stated that the length, breadth, and 
depth of a solid mtist be mtdtiplied together to obtain its 
Tolmne ; we now proceed to give an Ex. of the tnitb of 
this, just as we have already worked one in a qoestton of 
two dimensions. 



Let IKLM be ■ NctKm of 

the whole solid bj a plane 
panllel to A BCD: then, 
since AE ^ 5, the whole 
■olid may be divided bj and- 
lar plants into solid hlociu, 
ttie base of each of which is 
ABCD, and the thiciinen 1 
inch : hence there will be Stc 
times as many solid inches 
in the wbole AG, as there are 
■olid ioches mAL. 

Now, by (17A) the area 
ABCD=: iia. X 3in. = 13 
sq. in. : and if upon eacb of 
tbrae square inches a solid inch be placed, there wiU be twelve solid inches 
in AL. Hence, in the whole JO, *,(. in five times J ^ there will be 
i Xl2cnbiciiiches;i.e. the volume of tbeBalid = d x4 X 3 solid inches. 
Of conne, if the tbree dimensions bad been eipressed in feet instead of 
incbe*, the resnlt'would have been S x 4 x 3 solid ftet. 
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Let DOT the solid bave all its dinm. 
sioda equal, and eaoh ^ 1 foot, theD the 
figure is a cubic root,anditiToluine=:13 
in. X l2in.X 12 in. = IT38cubic inches, 
and 13x13x13, oTl2>is called 13 cubed. 
Hence we can obtain the numbers ei- 
faibitedinwhat is called "Solid Measure," 
For 12iD. X 13m. X I2in., or 173B wUd 
inches ^ I solid foot ; 

3ft.x3tl.x3ft, or 27 solid feet = I 
solid jard. 

By a classification similar to that of (176), we term a 
twelfth part of a solid foot, a solid or cubic prime ; a 
twelfth of a prime, a second; and so on: but we must 
always remember, that though we use but one set of names, 
we have three kinds of primes, seconds, &o. viz. linear, 
superficial, and solid ; and the various sorts can never be 
added to or subtracted from each other — fur it is evidently 
impossible to add an area either to a line or a volome. 
By observing Fig. 7 we learn that 
I sq. foot X 1 linear inch = I solid prime, as D 0. 
1 sup. prime x 1 linear inch = 1 sohd second, as CL. 
1 sq. inch or 1 sup. sec. x 1 linear inch = 1 solid third, or 



solid inch, saCK. 



^ 



\ BnE 



lie\. ABCDEG or BE 
be a solid contuned by 
rectangular surfaces; let 
the three adjacent edges, 
C'B, CD, CH, be respec- 
tively equal to 4ft. Sin., 
2ft. 6in., and 3ft. 4in.; 
let the surfaces ^C, CE, 
EA, be intersected by 
parallel lines drawn through the extremities of the feet in 
their respective sides, as in (.178) ; let M be the point in 



DUODECIMALS. 143 

the surface AE, in. which the lines aMf, tMe, bounding 
the complete squares in AE, intersect ; ml, I h, the lines 
bounding the squares in the surfaces CE, AC, intersect 
in /, a point in the edge CH. 

Through aJW/draw a plane ac parallel to AC 
„ eMt „ ed „ EC 

„ mkl „ hm „ AE 

The planes ac and ed shall intersect in the line MTL 
„ ac „* hm „ gTh 

„ ed „ hm „ kTn 

These three lines all pass through the point T\ and, 
measuring from T, the figure may be divided into the 
following solids: — 

(1) TO, TB, TC, TD, upon the bases LO, LB, LC, 
LD, and all having the same altitude L T, 

(2) TG, TA, TH, TE, upon the bases MG, MA, MH, 
ME, (which are precisely the same as the bases of the other 
four,) and having an altitude MT. 

We shall now find the voliune of each of these solids 
according to ( 181 ) ; and show that a process in Multiplica- 
tion, similar to that in (179), will produce a result corre- 
sponding to the value actually obtained from the figure. 

182. By (178) we may at once write, that 

The axesi of GH= EG XGA = (4ft. 5m.) X (2ft. 6in.) 

= 1 1 sq. ft. pr. 6 sec. (i.) 
and from (174) we ought to have the volume of GC, 

= (J 1 sq. ft. Opr. 6 sec.) X (3 ft. 4 in.) (ii.) 

By observing the four products in the multiplication of 
(i.), we find that they are respectively 

sq.ft. pr. sec. 



8 


= area(?3f or 0/. 


2 


0= „ AM or BL 




10 0= „ EM or DL 




30= „ HM or CL 


11 


6 — area GH or DB 
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and this result might, as in (179) have been obtained at 
once, by expressing the three dimensions as fractional 
parts of feet, and finding their product : 

Thus (4(t 5iii.) X (2ft. 6in.) X (3ft. 4in.) = 4^, X 2^ X 3^ soUd feet, 
12 :^ 3 36 36 " 

If the dimensions of the solid be expressed in feet, incheib, 
and twelfths the above method of Cross' Multiplication 
may be employed, and we shall find the result expressed 
in a form similar to the last, but with terms descending 
lower than solid inches, which was the lowest denomina- 
tion in the last Example. 

183. Since length x breadth x depth = volume ( i. ), there- 
fore length X breadth = — - — =- ; and since length x breadth 

depth 

is of two dimensions, therefore ^= — r— is of two dimen- 

depth 

«;^«« .• ^ 3 dimensions . ^ j. 

sions, t. e, -~^ -, gives two dimensions. 

1 dimension 

So also, from (i.) length = Z2l?E^ — _ ; i. e. 

^ ' ® breadth x depth ' 

3 dimensions . j. . i i. .. . 

zr-Ti -. — gives one dimension : and any fraction m 

2 dimensions •' 

which numerator and denominator are of the same 
dimension, is an abstract number. (See Art. Q^,) 

184. The following Exs., though not involving Cross 
Multiplication, are amongst the most useful of those in 
which the measurement of surfaces and solids occurs. 

Ex. I« Fiod the number of acres in a rectangular field, of which the 
length is 35 chains 72 links, and the breadth 24 chains 6 links. 

To understand this question, a pupil must know that large pieces of 
land are measured by means of a chain called Otmtet't Chain, which is 
four poles, or 22 yards, in length, and is divided into 100 equal parts, 
called Links, 

Also, an acre is equal to a rectangular surface of which the length 
is 40 poles, or 10 chains, and breadth 4 poles, or 1 chain : hence,. 
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the area of an acre = 10 chains X 1 chain = 1000 links X 100 
links = 100,000 square links. Consequently, if the dimensions of a 
field be expressed in links, and its area thence obtained in square links, 
this value, when divided by 100,000, will be expressed in acres ; ue. if 
five places be pointed off as a decimal, the result will be acres and 
decimal parts of an acre, which can be reduced to roods and poles. 
Returning now to the £x. we have 

Length = 35 chains 72 links == 3572 links 
Breadth = 24 chains 8 links = 2408 links 





28576 
142880 
7144 


= acres 


8601376 
4 


Roods 


•05504 
40 


Poles 


2-20160 



and therefore the field contains 86a. Or. 21 poles, nearly. 

Ex. II. Find how many gallons are contained in a cistern of which 
the length is 40 inches, breadth 36 inches, and depth 16 inches. 

It must here be observed that an imperial gallon is equal to 277*274 
cubic inches : hence, when the number of solid inches in any volume i!« 
known, the number of gallons which it will contain is found by dividing 
those solid inches by 277*274. In the above Ex. we therefore have 

the solid content = (40 X 36 X 16) solid inches ; 

23040 
and therefore number of gallons contained ^ 

* 277-274 

Ex. III. A roof of 27 i feet by 1 83 is to be covered with lead weighing 
8 lbs. per square foot: what would it cost at the rate of £5 4s. for 5cwt.? 

The area of the roof = 27 4 ft X 18 J ft. 



_/55^75\ ^ 
«(-X_)sq.fl. 

4125 ^ 



41!i5 
hence, weight of lead = -~— X 81bs. = 4125 lbs. 

o 

To find the cost of the lead, we have the following statement : 

5 X n21bs. : 4125lb8. :: £5 4s. 
The fourth term will be found to be £38 6s. O^d. 
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EXTRACTION OF ROOTS. 

■ 

185. We have already seen (92) that a numbor^ by 
being successively multiplied by itself^ is said to be raised 
to a power; and the order of the power, whether it be 
second, third, fourth, &c., depends upon the number of 
times the original number is to be repeated. This process 
is termed Involution ; and the reverse process of obtaining 
the original number from the power is called Evolution. 
The original number is called, with respect to its power, 
the Root; and this evolution is also termed Extraction 
of Roots, 

Thus, if 5 X 5, or 5^*, or 5 squared ( 175), as it is called, 
= 25 ; 5 is called the Square Root of 25. Similarly, since 
6 X 6 X 6, or 6% or 6 cubed (181) = 216, then 216 is 
termed the cube or third power of 6, and 6 the cube root 
or third root of 216. 

The sign \/ is used to express the operation of extract- 
ing a root; and a small figure, placed thus ^, shows what 
root [here the third root] is to be extracted : but the figure 
is generally omitted when the sign refers to the square 
root; and the sign >v/ itself indicates extraction of the 
Square Root. 

186. Any number or quantity which is thus formed by 
the squaring, cubing, &c. of any number, is called a com- 
plete or perfect square, cube, &c. ; and therefore the square, 
cube, &c. root, of such a power can be exactly extracted : 
but any nitmber, as 20, which lies between two complete 
squares, 16 and 25, cannot have its root obtauied exactly. 
But since 16 has a root 4, and 25 has a root 5, therefore 
the root of 20 will be between 4 and 5, or its value will 
be approximately expressed by the mixed decimal 4*472 • • v 
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and similarly of every number which lies between two com- 
plete squares. So also every number which lies between 
two complete cubes must have its cube root expressed in 
a decimal form. 

187. If a number be raised to a power^ and then th6 
same root of that power be extracted, we shall obtain the 
original quantity ; therefore ^3" = 3 ; j^6^ = 5. 

Also, since the square root of a given number may be 
defined to be that number which, when multiplied by itself, 
will produce the given number, therefore \/2 x -\/2= 2 : 
so abo, ,^2 X tif2 x ,^2 = 2. Such quantities as x/2, 
^2, are called Surds, or Irrational quantities. 

Obs. Since fourth, fifth, &c. powers of numbers can be 
obtained, of course fourth, fifth, &c. roots must also exist : 
but we shall here confine ourselves to the finding of square 
and cube roots. 

What has been said of the raising whole numbers to 
powers is also true of fractional quantities, whether vulgar, 

or commensurable decimab. Thus -f- x -§-# or (-§-} := I* ; 

/4 2 i/4 
therefore a/ -. = — = JL. ; i. e, the square root of a flf 

must be obtained by taking the square root of numerator 
and denominator. In like manner, since -§- x -§- x -§-> or 

(,)»=^; therefore ^^=|=^;i.*. the cube 

root of a fraction will be found by taking the cube root of 
both numerator and denominator. If the root of a mixed 
number be required, it must be reduced to an improper 
fraction or a decimal. Thus : 

We shall presently show how to extract the square root of 
decimala as well as of wlxole ii\iTD\)«t%« 
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SQUARE ROOT. 

188. Before proceeding to investigate a rule for the 
extraction of the Square Root, we mast remember the 
following : 

Digits 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Squares i, 4, 9, 16, 25, 36, 49, 64, 81. 

From what has been said, it is plain that the square of 1, is I ; of 10, 
is 100; of 100, is 10,000, &c. &c. 



square root of 1 is 1 




100 „ 10 




„ „ 10,000 „ 100 




„ „ 1,000,000 „ 1,000 


&c. &c. 



Hence, if a number lie between 1 and 100, t. e. have not more than two 
figures, its square root is between 1 and 10, or has not more than one 
figure. 

If between 100 and 10,000, i,e. have not more than four figures, the 
root is between 10 and 100, or has not more than two figures. 

If between 10,000 and 1,000,000, i. e, have not more than six figures, the 
square root is between 100 and 1,000, or has not more than three figures : 
and so on. 

So that if over every alternate figure of any number, beginning at the 
units' place, a point be placed, the number of points will show the number 
of figures in the square root. For example, 3757 has more than two 
figures, and not more than four, or lies between 100 and 10,000, and there 
fore its root lies between 10 and 100, i. e. has not more than two figures, 
and the number must therefore be thus pointed, 3757 ; so also 13459 is 
correctly pointed, for there will be three figures in the square root. The 
divisions which are formed by these points are called periods. The periods 
in 1345^ are 1, 34, and 59. 

Also, since the square of *I is '01, therefore 

the square root of *01 is *1 

So also, of 'OOOl is '01 

„ „ -000,001 is -001 &c. cSte. 

It hence appears that in the square of any decimal an even number of 
decimal places will always be found ; and that if there be an odd number 
in any proposed Ex., the number of places must be made even, by append- 
ing a cipher, which cannot alter the value of the decimal. We then 
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point every alternate figure of a decimal, from left to right, beginning with 
the second figure from the units' place, so that the last figure will always 
be pointed. 

189. The Rule for the Extraction of the Square Root is 

derived from an algebraical operation, wherein a complete 

square is taken, and a process is then contrived by which 

the root, which is already known, can be deduced from the 

complete square. 

I shall therefore proceed, contrary to my usual method, 

to give a Rule for extracting the Square Root, without any 

more explanation than is necessary for the mere working 

of Exs. : and the arithmetical illustration of the above 

algebraical process, which I shall afterwards give, may be 

read or omitted at the reader's pleasure. 

Rule. Divide the given number into periods. Find the 
greatest square number which is not greater than the first 
period ; subtract it from that period, and place the root of 
the number in the quotient. 

To the remainder, after subtraction, bring down two 
figures or one period, as in Long Division, and consider the 
whole as a dividend. 

For a divisor, double the quotient, and try how often it 
is contained in the dividend, except the last figure: the 
figure thus obtained by division place in the quotient, and 
annex it to the divisor. 

Multiply this whole divisor by the last figure in the 
quotient, and subtract this subtrahend from the dividend. 

Bring down another period; find a fresh divisor by 
adding the last figure of the former divisor to that divisor, 
and proceed exactiy as before. 

Obs. It will be found that on dividing by the incomplete 
divisor — especially when the early figures in the quotient 
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are small^ and the latter ones large — ^there will result a 
quotient larger than the one which must be taken. The 
reason of this will be explained hereafter. 

I will work one £x. which gives no remainder^ t. e. where 
the given number is a perfect square, viz. 81796. 

8 1 79^ (286 The greatest square Dumber not greater than the first 

4 period, 8, is 4 ; I therefore subtract 4 from the 8, and 

48) 417 place in the quotient, 2, the root of the 4: to the 

384 remainder, 4, I bring down the second period, 17, 

566) 3396 and consider 417 as my dividend. For a divisor, I 

3396 double the 2 in the quotient : and on dividing 41 by 

■ this divisor 4, 1 obtain a quotient 10 ; but upon trial 

1 find that 8 is the largest quotient that can be employed. I place the 8 

in the quotient, and at the right of the 4 in the divisor, making a complete 

divisor 48: multiplying this 48 by the 8, I have a subtrahend 384; the 

remainder, after subtraction, is 33, and with the third period 96 gives a 

new dividend 3396 : adding the last figure 8 in the divisor 48, to that 48, 

I have, as new partial divisor, 56, which goes six times in 339 : placing the 

6 in the quotient and in the divisor, and multiplying the whole divisor 566 

by the 6, 1 have a subtrahend 3396, which, upon subtraction, leaves no 

remainder. The square root is therefore 286. 

Since most of the numbers we meet with are not perfect 
squares, we can obtain only approximate roots of such 
numbers ; and the operation is carried to about three places 
of decimals in the root, requiring, of course, six places in 
the number. If the given number be an integer, or have 
not so many as six decimal places, the number must be 
made up by appending ciphers. 

Ex. II. Find the square root of 876*535. 

876*5356o6 (29*606 . . I append three ciphers, and point accord- 
4 ing to (188). When the third divisor, 

592, is obtained, the quotient is ; I there- 
fore place the 0, as usual, in the quotient 
and in the divisor, then bring down another 
period, and proceed as before. Since there 
were two periods in the integral part of 
the given number, there will be two integers 
in the root, and the decimal point must be 
placed after the 29. 
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441 


5»^) 


3553 




3516 


59206) 


375000 




355236 




19764 
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190. I will now illustrate the algebraical process men- 
tioned in ( 189), as far as can be done in arithmetic. 

Let the square number 169 be taken, the root of which is 13. If this 
number and its root be expressed in the required algebraic form, they will 
be written 100 + 60 + 9, and 10 + 3. 

100 + 60 + 9 (10 + 3 Placing in the quotient the 10+3, 

100 which is known to be the root, I observe 

20 + 3) 60 + 9 that the first part of the root, viz. 10, is 

60 + 9 the square root of 100, the first part of 

the number: I may therefore consider 
that the square root of the 100 gives the 10, and the remainder 60 + 9 is 
to furnish the 3. Observing the former part of the remainder, viz. 60, 1 
notice, that if it were divided by twice the 10 in the quotient, I should 
obtain the required number, 3: I therefore make 20, t.e. twice the quotient, 
my divisor. Also, since there must be no remainder, I must have as sub- 
trahend 60 + 9 ; and since the 9 is the square of 3, therefore, if I append 
the 3 to the 20 in the divisor by the sign (+), and multiply the whole 
divisor 20 + 3 by 3, I shall obtain a subtrahend equal to the dividend 
60 + 9, and therefore shall have no remainder, as was required. 

An algebraical process similar to the above would prove 
that this method of procuring a divisor and subtrahend 
would always succeed in bringing no remainder, t. e. in 
obtaining the exact root of a complete square. But this 
Ex. of course only illustrates the method of proof, and 
shows how the Rule is algebraically deduced. The opera- 
tion, when condensed into an arithmetical form, stands 
thus: 

i69 (13 
1 



23) 69 
69 



191. I vdll work one more Ex. which will show how an 
error in the quotient may arise in dividing by an ineom- 
plete divisor. 
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(27)* == 729, which, algebraically represented, is 400 + 280 + 49 : 
and the quotient or root, is 20 -f- 7. 

400 + 280 + 49 (20 + 7 And this, when condensed, is 

400 72§ (27 

40 + 7) 280 + 49 _4 

280 + 49 47) 329 

=== 329 



Obs. Since to divide 280 or 320 by 40 is the same as to 
divide 28 or 32 by 4 ; I may therefore call 4 the divisor, 
when 28 or 32 is the dividend, and consider 40 as the 
divisor, when 280 or 320 is the dividend. 

K this Ex. be worked in the usual manner, it will be 
found that the incomplete divisor 4 would go eight times 
in 32, whereas the real quotient is found to be only 7. By 
observing the algebraic method, I learn that when the 
dividend 329 is separated into its parts 280 + 49, the true 
quotient is obtained by dividing only the former part, 280, 
by the 40, or 28 by 4 : but in the arithmetical operation I 
cannot see how much of 329 is the former part which will 
give me a correct quotient ; and therefore I have to divide 
the whole 329 by 40, or 32 by 4, and so run the risk of an 
error. If the second part of the dividend 49 had been less 
than 40, the quotient would at once have appeared to be 7, 
and no error arisen. Hence, the larger the second part of 
the dividend (as 49) is, when compared with the incomplete 
divisor (as 40), the greater will be the error : and since the 
4 in the divisor was obtained from the former part of the 
quotient, viz. 2, and 49 from the latter part, viz. 7, the error 
will be the greatest when the earlier figures of the quotient 
are small, and the latter are large. 

This method of proof is not limited to numbers, the roots 
of which consist but of two figures : but any attempt to 
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extend the illustration would be very cumbrous without the 
use of algebra. 

192. We have seen that the area of a square is obtained 
by squaring any one of its sides ; hence, the number in the 
side of a square is found by extracting the square root of 
the number which represents an area. 

The number which represents the area of a square figure 
may not always be a complete square : for instance, if in 
Fig. 1, p. 134, a square be described with sides equal to ac 
or \^2, then its area would be {V^V = 2, which is not a 
perfect square. When, therefore, the number representing 
the area of a square is not itself a perfect square, the 
number representing the side will be incommensurable or 
irrational. 

In obtaining the square root of a fractional quantity, we 
may extract the root of numerator and denominator, if the 
denominator be a complete square : but if not, it is better to 
reduce the fraction to a decimal, and then extract the root 
For example : 

and to obtain the result I should have to extract two roots, 
and perform an operation in Long Division; whereas, 
since 27iV& = 27-2109375, a single extraction will suffice 
to give the answer at once. 

In finding the root of a circulating decimal, it will some- 
times happen that the equivalent vulgar fraction will have 
both numerator and denominator complete squares, and 
we can then readily extract the root. Thus : 
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But as this is rarely the case, we must generally find the 
approximate root by the usual method, though it wiU not 
be a recurring decimal. 

193. Sometimes a fraction involving a surd may be in 
its lowest terms, but yet not in a form the most convenient 

for finding its value. Thus -— is in the lowest terms ; but 

multiplying numerator and denominator by \/ 2, it becomes 
1/2 =.42^orli/2. 



1/2 X 1/2 2 ' 2 
Also, since i/2 = 1*4 142... therefore 



l/2 1-4142... 
which will require a Long Di\dsion sum to bring out its 

value; but ^ t/2 = 1 (1-4142 ...) = -7071 by mere 

Short division. Hence — 1/2 is more simple than — -. 

2 ^ l/2 

And as a general rule, all quantities involving surds are 
in their simplest form, when the surds are in the nume- 
rator and not in the denominator. 

The following Exs. illustrate the operations of the last 
few pages. 

Ex. I. A square field contains 15a. 2 r. 20 p. Find its side in chains. 

15 a. 2r. 20 p. = 2500 sq. poles ; therefore the side of a field contain- 
ing 2500 sq. poles = 50 linear poles 

= — linear chains (since 4 poles = 1 chain.) 

:= 12^ linear chains. 

Ex. II. Two acres of land are to be cut from a rectangular field of 
which the breadth is 20 chains 50 links, by a line parallel to it. Find the 
length of the plot, 

1 acre = 40 p. x4 poles = 10 chains X 1 chain = 10 sq. chains; 
and length X breadth = 2 acres; or, since the breadth is 2^ chains, 
therefore length X 2^ chains = 2 X 10 sq. chains ^ 20 sq. chains. 
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« 1 -*v 20 sq. chains 

Hence length = . _. ^ r—r- 

2^ linear chains 



= !^lGt X- linear chains (183) 
= 8 linear chains. 
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194. Since the subject of Square Root has been fiillj 
discussed, there will be the less need for dwelling at great 
length upon that of Cube Root. 

The following numbers must be remembered : 

Digits 1, 2, 3, 4, 5, 6, 7, 8, 9, 
Cubes J, 8,27,64, 125,216,343,512,729: 

and it wiU be observed that no two of these cubes end with the same dig^t: 
hence, if a given number be a perfect cube, the last figure in its root may 
be known. For instance, if a cube number end in 3, its cube root ends in 
7 : if the number end in 2, its root ends in 8. Recollection of this hct is 
often of service. 
According to the method of (188), we learn that the cube root of 

lis 1 
1,000 „ 10 
1,000,000 „ 100 &c. &c. 

hence, if a number between 1 and 1000, i.e. have not more than three 
figures, its cube root is between 1 and 10, or has not more than one figure. 

If the number be between 1000 and 1,000,000, t. e. have not more than 
six figures, its root has not more than two figures: and if the number have 
not more than nine figures, its root has not more than three figures. 

So that if over every third figure, beginning at the units' place, a point 
be placed, the number of points will show the number of figures in the cube 
root. 

Similarly, since the cube of *1 is *001 

therefore the cube root of *001 „ *1 

So also, -000,001 „ -01 

„ „ „ -000,000,001 „ 001 &c. &c. 

It hence appears that the number of places in the cube of any decimal 
must always be some multiple of 3 : and if the number of places in any 
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decimal, of which we have to find the cube root, be not a multiple of 3, it 
must be made so by appending ciphers : we therefore commence pointing 
at the units' place, and point every third figure to the left over the integers ; 
and to the right over the decimals, if there be any. 

195. 1 will now give the Rule for the extraction of the Cube 
Root : but as an arithmetical illustration of the algebraical 
process, similar to the one given in Square Root, would be 
very cumbrous, I prefer giving the algebraical proof itself 
in a Note, and leave it to be read only by those who have 
mastered the Elementary Rules in Algebra. 

Rule. Divide the given number into periods. Find the 
greatest cube number which is not greater than the first 
period. Subtract it from that period; place the root of 
the number in the quotient, and form a dividend, as in 
Square Root. For a divisor, multiply the square of the 
quotient by 3, and try how often it is contained in the 
dividend, except the last two figures; the figure thus 
obtained by division place in the quotient. 

To form the subtrahend : consider the quotient made up 
of two parts, whereof one is the last figure alone, and the 
other is the former figure or figures with a cipher annexed. 
Cube this last figure, and to it add three times the product 
of the two parts of the quotient by the whole quotient. 

Subtract this subtrahend from the dividend; to the 
remainder, if any, bring down another period, — find a fresh 
divisor by again multiplying the square of the quotient by 
3, and proceed precisely as before.* 

* Let (a + b)*f or a* + 3 a* 6 + 3 ab* + 5 ' be a perfect cube,from which I am to 
deduce a rale for the Extraction of the Cube Boot. Of course the required root is a + ft. 

«• + 3a*i + Sab* + 6» (a + b 



a« 



3a') 3a»i + 3 ab* + 6« 

6» = i8 
3 a»6 + 3 aA» =r Sab (a + b) 
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Obs. As in Square Root> the divisor often gives upoB 
trial too large a quotient. 

Ex. Find the cube root of 185193. 

18^193 (57 Placing a point over the 3 

125 and the 5, I find that 5», 

3 X 5« = 75) 60193 or 125, is the greatest cube 

343 = 7" . number below 185. I there- 

59850 = 3 X 50 X 7 X 57 fore subtract 125 from 186, 

60193 place 5 in the quotient, and, 

^^'^^^^^^^^ bringing down the next period, 

have 60193 as dividend. The divisor := 3 X 5* = 75, which appears 

to go eight times, but the real quotient is 7. According to the Rule, I 

now consider the quotient 57 as composed of two parts, 50 and 7 : and 

for a subtrahend I take first 7 >, or 343 : next, I have 3x50x7x57 = 

59850; and the sum of these results forms a subtrahend 60193, which, 

when subtracted from the dividend, leaves no remainder. Hence 57 is 

the exact cube root of 185193. 

196. The following Ex. involves decimals, and gives 
only an approximate root. 

2i03^-806 (27-6 
8 



3 X 2« = 12) 13035 



343 = 7« 
11340 = 3X20X7 X 27 

1)683 



3 X (27)« = 2187) 1352800 



216 = 6» 
1 341360 = 3 X270 X 6 x276 

1341576 



11224 



Here it is plain that the first portion of the root is found by taking the cube root of 
a', the first portion of the given quantity. Also b, the second part of the root, is 
obtained by dividing 3a*(, the first portion of the dividend, by 3a*, or three times 
the square of the a already obtained in the root 

The subtrahend is formed of two parts, 6' and Sa*6 + Sab*: this latter portion 
:=: 3a& {a +b): and these two algebraical expressions, when enunciated in words, 
give the process for fonningthe subtrahend mentioned in tibe Bule. 

Since in Arithmetical Examples the dividend is expressed as one quantity, but the 

true quotient b is found by dividing only a part of that dividend ; therefore if Uie latter 

portion of the dividend, viz* 3ab* + b'> be large in proportion to the former part. 
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I here observe that in forming the second subtrahend, I consider the 
quotient as made up of 270 and 6. By bringing down more periods of 
three ciphers, I might carry the root to several places of decimals ; but 
the work becomes exceedingly heavy when the quotient extends beyond 
three figures. Since one period consisted of decimals, the last figure in 
the quotient must be pointed off as a decimal. 

The observations which were made upon the extraction 
of the Square Root of Fractions in (192) apply also to 
a similar use of the Cube Root. 

Just as the number in the side of an area of square 
form is found by extracting the square root of the number 
representing the area : so the number in the edge of a 
volume of cubic form is found by extracting the cube root 
of the number which represents the volume. 

I will work one or two Exs. to illustrate the application 
of Cube Root. 

Ex. III. A beam is 6ft. 9in. long, 2ft 3in. broad, and 9in. thick ; 
required the side of a cube of equal capacity. 

Working fractionally we have 

Solid content of beam = 6| ft X 2^ ft. X I ft. 

— /27^9^3\ ,ft_729 ,^ 

9* 
or = -— sol. feet. 
4» 

therefore the edge of cube = A / ?! sol. ft = ^ lin. feet = 2i linear feet. 

V 4* 4 



3a* bf then the quotient obtained by division wiU be too large ; and the error will be 
greatest when b is large and a small. Tf there be more than two terms in the 
quotient, b must always represent the last term alone, and a the whole of the other 
terms. 

Also, since in division in Algebra the first term of the divisor is alone useful in find- 
ing the quotient, therefore (in the above method of working Algebraical Examples ,) 
since 3a* will always be the first term of the divisor, however many terms may be in 
the quotient, the first divisor, Sa', will serve for every dividend throughout the 
Example. 
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Ex. lY. Find the area of any one of the six surfaces of a cube con- 
taining 1 ] cubic feet, 675 cubic inches. 

To find the area of this surface, I must find the edge of the cube, and 
square it Reducing the cubic feet to inches, I have 

volume of cube = 19683 cubic inches ; 

therefore edge of the cube = m}^ 19683 = 27 linear inches ^ 2ft. 3 in; 

(9 \* 81 
1 1 = Ta ^^' ^' 

= 5jV sq. ft. 

^ 5 sq. ft. pr. 9 sq. in. 

Ex. y. If the volume of any cylinder equals its length X area of its 
base, find the value of this area in a cylindrical wire 50 feet long, and made 
out of a square inch plate of metal *05 inches in thickness. 

Here, since area X length = whole volume of metal 

=: 1 sq, inch X thickness of the plate ; 
or, since Area X 50 ft. ^ 1 sq. inch X '05 inches ; 

therefore Ai«i = ^ 'l^' ^'^ ^°' («) 

50 X 12 in. ^ ' 

_ -05 . , 

sq. inches 



50 X 12 



Multiplying numerator and \ 5 . , 

denominator by 100 . . J "" 5000 X 12 ^^* "*^ ^^ 



sq. inches 



12000 



The right-hand side of (G) gives ^ dimension s . ^^^^^ according to 

1 dimension 
(183), is 2 dimensions, as an Area ought to be. 

Obs. An expression which is of the same dimensions 
throughout, as (G), is said to be homogeneous. 
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FRACTIONAL QUOTIENT. 

197. It was mentioned in (22) that the word quotient 
is not inapplicable, where one number is to be divided by 
another, and yet the division cannot be performed ; thus, 
in the division of 2 by 5, we said that the quotient was ■§-. 

This may be seen more clearly, if we remember that the 
word quotient means how often the divisor is contained in 
the dividend, — and if we observe the following illustration. 
Suppose that I have a rod five inches long, and with it 
I am to measure the depth of water in several full vessels, 

of which the depth is known to be 1, 2, 3, 4 inches. 

If now I ask how many times the length of this rod is 
contained in the depth of the water ; the reply is, that in 
the first, one inch or one-fiflh of the rod was immersed, i, e. 
the rod went into the depth one-fifth times ; and therefore 
the genuine quotient of 1 when divided by 5 is one-fifth or 
4-. Similarly, the quotient in the case of the second, third, 
&c. vessels, would be ■§-, •§•, &c. And when I come to 
measure the depth of the five inch vessel, the quotient 
ought to be •!•> or 1, i,e, the rod is just once immersed. 
And when I measure the seven inch depth, I find the 
quotient to be -J- or l-f- ; L e. it takes one immersion of the 
rod, and |- of another, to measure the seven inches. 
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COMPOSITE DIVISOR. 

198. In the operations of Reduction we frequently have 
to divide by composite divisors, which consist of the pro- 
duct of two factors, each not exceeding 12 ; and by dividing 
by these component parts, we can employ Short instead of 
Long Division. For instance, in reducing grs. to dwts., I 
have to divide by 24 : but since 24 = 6 x 4, it will be seen 
that if I divide by 6 and 4 successively, I obtain a correct 
result; but the main difficulty is to obtain the true 
remainder. 

Ex. Convert 3887 grains into dwts. 

24 1 ^)_5??I Dividing by 6, we have a quotient 647 and 

( 4 ) 647 5 1 23 --- remainder 5. Now, dividing the grs. by 6, is 

161 3j equivalent to separating them into parcels, each 



containing 6 grs., and the remainder is of the 
same kind as the 3887, viz. grs. ; i. e. 3887 grs. = 647 parcels of 6 
grs. + 5 grs. 

Again, since four parcels of 6 grs. each will make one parcel of 24 grs., 
i. e, I dwt,, therefore, upon dividing the 647 by 4, the quotient wiU become 
dwts. ; and the remainder, if any, will be parcels of 6 grs. each : the quo- 
tient is 161, and remainder 3. Hence the whole remainder ^ 3 parcels 
of 6 grs. +5 grs., or = 3 X 6 grs. + 6 grs. = 18 grs. + 5 grs. =23 grs. 
And if the former divisor had been any other number than 6, as 5, 8, or 10, 
the second remainder 3 would have represented 3 parcels of 5, 8, or 10 
grs. each : hence the true remainder is found by multiplying the second 
remainder by the first divisor, and adding in the second remainder ; of 
course, if the former remainder be wanting, the second remainder multi- 
plied by the first divisor will be the whole remainder: and if the second 
remainder be wanting, the former remainder is the true one. 

Again, working fractionally, we find that the first division gives as a 

K 

fractional remainder -- dwt ; because the required quotient is to be in 

dwts., and the remaining 5 grs. are — of 1 dwt. The second remainder 

24 

3 
is — dwt., because the 161 consists of dwts, ; hence the whole remainder is 

4 

-_ dwts. + -J dwts. = "T^ dwts. = -- dwts. ; and it will be observed 
24 4 «4 24 

tJiai the second numerator 3, which is the second remainder in the former 
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method, was multiplied by 6 before it could be added to 5, the former 
numerator, i. e. the former remainder : hence by both processes the second 
remainder 3 has been multiplied by 6, so that the two methods of obtain- 
ing the remainder coincide in their operation as well as in their result. 

199. We may also explain the correctness of the usual 

method of dividing by 20, 30, &c or any number 

formed by the multiplication of 10 and any number not 
exceeding twelve. 

Ex. To divide 3275 by 20. 

Performing the division by the factors 10 and 2, oni ^^) 2t^l^ 
as in the last article, we observe that the division by \ 2) 827 5 ) ^ « 
10 gives the same result as merely cutting off the 163 1 J 

last figure as a remainder, and considering all the ^^^^^ 

other numbers as the quotient ; and that if there be a remainder after the 
second division, a figure 1 of such remainder represents not 1 but 10: 
hence the whole remainder is 10 -f- 5 =: 15. 

20^ 3275 
And the work may be written thus i— ^ 15 ,««- 

163^Ji5, or 163 2j^ = 1^2- 



CIRCULATING DECIMALS. 

200. Sometimes a decimal of very long period may be 
easily carried out to many places, without performing the 
division throughout, as in the following Ex. 

To reduce — • to a decimal. 

19) 1-00 (-05263 By division we have 

2i i = -05263-? (H) 

50 19 19 ^ ^ 



38 therefore, multiplying both sides by 3, 

^^ %,= .1S789,?- 

114 19 19 



fio 3 

and substituting for-— in (H), we have 
57 19 

!£, 1= 0526315789 j^; 



therefore - = -4736842101?^ = -4736842105 - ; 
jil 1.^ \.<j 

and hence — =-05263157894736842105:^; and by continuing this 
19 '^ 
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process, it is plain that we double at every step the number of figures 
previously obtained. This decimal, it will be seen, circulates after the 

eighteenth figure; so that ^ = '65263157894736421. 



RATIO. 

201. It was observed in (173) that quantities which 
cannot be accurately represented by numbers, are said to be 
incommensurable. And since the Exs. in Ratio and Pro- 
portion, which we have considered, have always involved 
only commensurable quantities, it might be thought that 
the application of the principles of Ratio and Proportion 
was limited to such quantities. 

But by observing (65), from whence our definition of 
Ratio was taken, we learn that a ratio can exist between 
any two quantities whose magnitude can be represented, 
as A and B are, L e, geometrically : and since it can be 
shown^ that magnitudes which cannot be represented 
accurately in numbers, can yet be correctly represented 
geometrically; therefore a ratio can exist between two 
or more quantities, even if one or all of them be incom- 
mensurable, though the value of that ratio cannot be 
accurately represented in numbers. Thus, in Fig. 1, page 
134, the ratio of the diagonal of a square inch to its side is 

represented by the fraction ; or arithmetically, 

a 



1-4142 

1 



or 1-4142, 



* Some knowledge of Geometry is necessary to enable us to find 
the length otac. 

Since a6e is a right angle ^ or one angle of a rectangular 
figure, we learn from Euclid, I. 47, that the square of which ac 
is the side = the sum of the squares of which ab and be are the 
sides. Now, in Fig. 1, p. 134, we took a& » 1, and ac = 1; there- 
fcHne the somof the squares of a6 and ac ^^ l* + l* » 2; there- 
fore the square of ac « &, or ac \ta«U « V^ 
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PROPORTION. 

202. The pupil who is acquainted with Book VI. of 
Euclid's Elements of Geometry, will know that if two 



Fig. 9. 



Fig. 10. 



£ 



B OF G 

rectangular figures, AC, EG, be equal, the four sides which 
contain a pair of the equal angles, ABC, EFG, are propor- 
tional in the following order, — AB, EF, FG, BC ; so that 

AB : EF :: FG : BC (J). 

We can show that this proportion is such as would be 
obtained from the statement of a question in Rule of 
Three, in which two surfaces AC, EG, are required to be 
equal. 

Ex. How wide a piece of cloth 15 feet long wiU cover a floor 13 feet 
6 inches long and 10 feet wide? 

Let AB be the length = 15 ft.a BC the breadth, which is yet to be 
found; EF = 13ft. 6 in.; FQ = 10ft.; then by the usual State- 
ment, and writing BC &s the fourth term, we have 



15 ft. : i3ft. 6in. :: 10ft. 
and this wiU be found to be the same as (J). 



BC; 



In the language of Geometry, we say that the sides about the equal 
angles ABC, EFG, are reciprocally proportional. 

203. In (138) the reader was referred to the Appendix 
for the solution of such a question as the foUowing. 
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The shadow of a steeple is 105 yards long, and that of a 
stick 4i^ feet long is 15 yards: find the height of the 
steeple. 

Fzo. 11. A 

Fio. 12. 





Hteet, 
105 yards. ■«* F ISyds. B 

Let AB, BC, represent the steeple and its shadow; and 
let DE, EF, represent the stick and its shadow : I have to 
find the length of AB. 

Now, most pupils, seeing this question under the head of 
Rule of Three, would immediately take it for granted that 
the three terms given would form a statement ; t. e. that 
the ratio between the lengths of the two shadows is equal 
to that of the steeple and stick by which those shadows are 
cast. This is quite true ; and my object in explaining this 
sum is merely to show what authority we have for believing 
that these two ratios are equal. Join AC, DF, — these 
lines AC, DF, will represent the direction of rays of 
light from the sun, and being from the same distant body 
are considered parallel : hence, since AB, DE are parallel, 
as are also FE, CB] the triangles, ABC, DEF, are said to 
be similar: and from a gectnetrical property of such 
triangles, we have the foUowing : 

EF : BC :: DE : AB; 

or, substituting the value of EF, BC, DE, which are 
given by the question, we have 

15 yards : 105 yards :: 4i^feet : AB; 

and therefore AB = ^^^ 7^^. x 4»ft. _ 31 j feet. 

15 yards 
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The following Ex. will show that it is not always safe to 
assume that a question which is apparently a Rule of 
Three Ex. will at once famish a statement ; i. e, that two 
quantities which appear to be connected^ as in ordinary 
Exs., are really proportional to one another^ as in (75) 
and (76). 

Ex. If a ball falling from rest drop through a space of 64} feet in two 
seconds, through what distance will it have fallen in three seconds ? 

Now, if it were true that the distance fallen in any time were directly 
proportional to the time, the statement would be 

2 seconds : 3 seconds : : 64| feet, 

and the fourth term would be 96f feet. But a knowledge of the laws of 
mechanics corrects this supposition, and teaches us that the distance fallen 
in any time is not directly proportional to the number of seconds, but to the 
square of that number; and that in the above statement I ought to have 
put 2* and 3*, or 4 and 9, instead of 2 and 3: hence the statement is 

4:9:: 64} feet; 

and the distance fallen in three seconds = 144^ feet. 



THE END. 
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ERRATA. 

Page 21, line 14, for — read —• 

7 5 

Page 24, line 16, for " smaller fraction of the denominator," read " deno- 
minator of the smaller fraction." 

3 2 

Poire 24, line 5 from bottom, for —read --. 

o 5 

Pajre 32, line 6, take away the first 2. 

Paffe 46, line 4, for " second by," read " secondly.*' 

„ line 6, for " second," read " secondly." 
Page 75, line 4, for (90) read (96). 
Page 11 1, for " six," read « twelve." 
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